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Chapter 1 
Introduction 



This thesis speciahzes on certain topics in operator theory related to dila- 
tion theory and to the theory of invariant subspaces. For any contraction 
one associates an isometry (or a unitary) unique up to unitary equivalence 
called the minimal isometric (or unitary) dilation. 

Earlier pioneering works in dilation theory were by Sz. Nagy, Stine- 
spring and Kolmogorov. Since then it has been one of the central tech- 
niques for working with interpolation, extension and similarity problems, 
noncommutative probability, semigroups of completely positive maps and 
operator spaces. Surveys of such applications can be found in |FF90j . 
[XE69], jPSoT] . IPauOaj . jBP94] . pl96] and jERHO] . 

Since late 90s there has been a lot of interest in dilation theory of row 
contractions ( . [DKSnl] . |Po89a] . . [BJKW^ A row contrac- 
tion is a tuple of operators on a common Hilbert space which as a row 
operator is contractive. One instance when row contractions appear is 
during Kraus decomposition of normal unital completely positive maps. 
In place of the shift operator on P (or H^) appearing in the construction 
of dilation of a single operator, the shift operators on the Fock space is 
needed in the context of the dilation of a row contraction. Arveson used 
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this type of dilation to study some module structures induced by row 
contractions. 

In this thesis we investigate normal unital completely positive maps on 
B{l-i) for some Hilbert space Ti with invariant vector states and solve the 
classification problem of coisometric row contractions. There are many 
recent works on non-coisometric case of this classification problem and 
much of this case is well understood. We prove several results about fixed 
points of completely positive maps on BiTi). The role of theories of fixed 
points and ergodicity is significant for von Neumann algebras. A sur- 
prising observation of Arveson is that certain normal unital completely 
positive maps on B{l-L) produces geometric invariants. Our above men- 
tioned classification results are related to these invariants. Finally we 
extend our theory to certain algebras on Hilbert modules which includes 
analytic cross-products as special case. 

Using any state or rather any positive linear functional on a given 
C*-algebra we get an embedding of ^ as a subalgebra of the algebra 
of bounded operators BiTi) for some Hilbert space Ti. through the GNS 
construction. Unital completely positive maps are analogs of states when 
the codomain C is replaced by a C*-algebra. It was Stinespring who first 
realised that unital completely positive maps from C*-algebras to any 
BiTi) can be dilated to representations of those C*-algebras. Completely 
positive maps have been used extensively in operator algebras and its 
classification, and in mathematical physics. So the problem of classifying 
completely positive maps is important. 

Another significant result in the theory of invariant subspaces of inter- 
est to us here is Beurling's theorem. It states that any invariant subspace 
of H'^ for the shift operator can be realised as the range of an inner H°° 
function. Sz. Nagy and Foias classify certain big classes of contractions 
(namely the completely noncounitary ones) up to unitary equivalence us- 
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ing some functions called the characteristic functions which are iden- 
tifiable with those from Beurling's theorem. 

The notion of characteristic function and the related theory was ex- 
tended to row contractions by Popescu using his theory of dilation of row 
contractions. He developed a noncommutative analogue of for this 
purpose. Some analytic characteristic functions in the sense of multivari- 
able complex analysis for commuting row contractions were studied in 
|BES05j . |Po05j . |BT07j . etc. A function intrinsically similar to this ana- 
lytic function already appeared in a preceding article ( |Ar98] ) of Arveson. 

The Cuntz algebras are primary example of simple nuclear purely in- 
finite C*-algebras. Representations of Cuntz algebras are obtained from 
minimal isometric dilations of coisometric row contractions. These rep- 
resentations come very handy as a tool for investigating endomorphisms. 
The commutant lifting theorem of Bratteli, Jorgensen, et al. and several 
other of their works illustrates this. Further, the irreducible endomor- 
phisms on -B(7i) with unique invariant vector states via Kraus decom- 
position yield minimal isometric dilations of certain tuples of complex 
numbers corresponding to Cuntz states. 

The weak Markov dilation (cf. |BP94] ) of an ergodic completely pos- 
itive map (or discreet completely positive semigroup) on B{7{) for some 
7i with an invariant vector state is always an irreducible endomorphism. 
While looking at the infinite tensor product picture of weak Markov di- 
lations, certain convergence results (quoted as Appendix at the end of 
Chapter 3) had made us to look for (or conjecture the existence of) 
multianalytic operators similar to Sz. Nagy-Foias/Popescu's characteris- 
tic functions. We compute these extended characteristic functions using 
techniques from noncommutative probability in Section 3. They are com- 
plete unitary invariants for a class of completely positive maps on B{T-C). 
This approach is motivated by the scattering theory for noncommutative 
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Markov chains of Kiimmerer and Maassen. 

In chapter 4 we reinterpret the above phenomenon of occurrence of 
muhianalytic invariants and thereby we notice that it has to do with a 
much more general setup, namely that of subisometric liftings. Such lift- 
ings for single contractions appeared first in a work of Douglas and Foias 
|DF84j . They established related uniqueness and commutant lifting prop- 
erties. In this context we introduce characteristic functions of contractive 
liftings of row contractions. They classify the certain liftings up to unitary 
equivalence and provide a kind of functional model. The most general set- 
ting is identified here which we call reduced liftings. Finally we discuss 
a factorization property of these multianalytic functions and provide ap- 
plications of our theory to completely positive maps. Coisometric lifting 
is one of the most useful special case. It relates via Kraus decomposi- 
tion to the lifting of the corresponding normal unital completely positive 
map. The commutant lifting theorem of Bratteli, Jorgensen, Kishimoto 
and Werner gives an affine order isomorphism between the fixed points 
of normal unital completely positive maps on some B{T-C) and the com- 
mutants of the Cuntz algebra representations coming from the associated 
Stinespring dilation. We apply our theory along with this lifting theorem 
to prove a one-to-one correspondence between the fixed point sets of any 
two normal unital completely positive maps on algebras of bounded oper- 
ators on Hilbert spaces where one of the map is a coisometric lifting (or 
power dilation) of the other by a *-stable row contraction. 

Apart from the minimal isometric dilations there are other types of 
dilations (see jPoOS] , [X?98] . |BBD04] . |BB02j and [BDZ06]) called con- 
strained dilations for row contractions satisfying polynomial relations. An 
important class of the constrained dilations is that of standard commut- 
ing dilation initiated in the works of Drury [Dr78j and Arveson [Ar98j and 
it comes with a mult i- variable analytic functional calculus model. David- 
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son [DKSOlj gave the complete structure of minimal isometric dilations for 
row contractions on finite dimensional spaces. Some of his techniques help 
us in chapter 5 to explore how constrained dilations can be derived from 
minimal isometric dilations in the context of row contractions on finite 
dimensional Hilbert space. Our above theory of multi-analytic operators 
also extends to constrained liftings. 

A byproduct of the study of row contractions is the development of 
a noncommutative multivariable complex analysis by Popescu. Many 
results of classical theory like theorems of Cauchy, Liouville, Schwartz, 
etc. have their noncommutative analogs. Here the open unit disc in 
the complex plane is replaced by [B{T-CY]i := {(Xi,...,X^) G B{HY : 
\\XiX^ + . . . + XdX^W < 1}, for some Hilbert space H. 

There after we obtain that the two invariants of Hilbert modules, 
namely, curvature invariant and Euler characteristic are related to the 
characteristic function. In the last section of chapter 6 we take a coor- 
dinate free approach to our theory using Hilbert C*-modules and their 
von Neumann counterparts. Hilbert modules first appeared in the works 
of Kaplansky while attempting to generalize Hilbert spaces by structures 
where the inner products can take values in commutative C*-algebras. 
The motivation was to use the rich theory of vector bundles in operator 
algebras. Later Paschke and Rieffel independently extended this study to 
the case where the inner product take values in arbitrary C*-algebras. To- 
day they are extensively used in KK-theory, classification of C*-algebras 
and noncommutative dynamics. 

Cuntz-Pimsner algebras are quotients of certain subalgebras (namely, 
of Toeplitz algebras) of C*-algebras of adjointable operators on Hilbert 
bimodules. They contain crossed products by Z and Cuntz-Krieger alge- 
bras as special cases. The von Neumann counterpart of Toeplitz algebras 
are "Hardy algebras" . A notion of analytic crossed product can be given 
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using Hardy algebras. The Hardy algebras were shown by Muhly and 
Solel to be generalizations of H°° in a way similar to the noncommutative 
multivariable complex analysis of Popescu mentioned above. 

We have attempted to present the beautiful mathematical theory which 
involves an interplay between the theory of invariant subspaces, multivari- 
able (noncommutative) complex analysis, the theory of completely posi- 
tive maps and dilation theory, and we discuss some of its implications in 
operator algebras. The related theory has developed significantly in recent 
years and we sincerely hope that our monograph will be an invitation for 
the readers to pursue this promising topic. 

Acknowledgements: I want to thank Rolf Gohm with whom I have 
collaborated for two of the articles which are part of the present thesis and 
for permitting me to include them here. These two articles are chapter 3 
and 4 here. Discussions with him has been very enriching and helped me 
to improve my mathematical skills. I am indebted to M. Schiirmann for 
his encouraging me to work on this monograph. I acknowledge the signif- 
icant amount of Mathematics I learned from the mathematical expertise 
of B.V.R. Bhat, M. Schiirmann and U.Pranz. I am grateful to G.Elliott, 
H. Osaka, J. Zacharias and many other with whom I had discussions on 
these mathematical topics. Much of the work in this monograph has 
been deeply influenced by the works of W. Arveson, G. Popescu, R. Gohm, 
P. Muhly and B. Solel. I am thankful to my colleagues at the Mathematics 
Department of the University of Greifswald where most of the work was 
down. Research work done during my stay at Fields Institute, Toronto in 
summer 2007 and at Ritsumeiken University Kyoto in summer 2008 has 
been very useful for this thesis, and I gratefully acknowledge the financial 
support I received for my visit at these Institutes. 
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Dilations, Beurling's Theorem 
and Other Prehminaries 

2.1 Minimal isometric dilations 

Isometries and unitaries have several preferred properties as compared to 
contractions. In dilation theory one utilizes the existence of an isometric 
dilation of a given contraction. Consider the simplest case of a contraction, 
namely a scalar operator /c on C with |A';| < 1. The "smallest" isometric 
dilation of k will be the operator k e B{C(B Z^(N)) given by 

k{h, hi, /i2, ...):= {kh, (1 - \k\'^)^h, hi, /i2, . . .) 

where h, hi e dor i — 1,2, .. . and Ylf^i < oo. The isometric dilation 
is on a rather big space as compared to the domain of the initial operator. 

It is known that every contraction has isometric dilations and unique- 
ness up to unitary equivalence of isometric dilations can be ensured by 
making minimality assumption. Formally, we have: 

Definition 2.1.1. Let T be a contraction on a Hilbert space H, i.e., \\T\\ < 
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1. An isometry V on Hilbert space H is an isometric dilation ofT if 

Hen and PnVln^T''. 

An isometric dilation is said to be minimal if 7i = span{V"^h : n e N U 
{0},heH}. 

A minimal isometric dilation (mid for short) can be constructed in a 
parallel way to the isometry constructed in the example above. 

A tuple T — (Ti,...,T(i) of bounded operators on a Hilbert space 
H is said to be a row contraction if TiT^ + . . . + TdT^ < 1. Treating a 
row contraction T as a row operator from 0f=i H to H, define :— 
(1 - rr*)i : ^ and D := (1 - T*T)^ : 0f^^ H 0^1 H. This 
implies that 

D^^{l-J2T^TnK D ^ {5,jl - T:T,)j,,. (2.1) 

i=l 

Observe that TD^ = D^T and hence TD = D^T. Let V := Range D and 
:= Range D^. 

We use the following multi-index notation. Let A denote the set 
{l,2,...,d} and A := U^^qA'\ where A^ := {0}. If a G A" C A the 
integer n = \a\ is called its length. Now Tq, with a = (cti, ■ ■ ■ , an) G A" 
means T'q,-^ T'q.j . . . Tq,^ . 

The full Fock space over [d > 2) denoted by r(C'') is the Hilbert 
space 

r(C'') = c © © (c^)®' © ... © (c^)®" © . . . . 

We will just write T instead of r(C'^) at times. The element 1 © © . . . 
of r(C'^) is called the vacuum vector. Let {ci, . . . , e^} be the standard 
orthonormal basis of C''. We include d = oo in which case stands for a 
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complex separable Hilbert space of infinite dimension. For a G A, Cq, will 
denote the vector e^j ® . . . ® Cq.^ in the full Fock space r(C'^) and 
Co will denote the vacuum vector. Then the (left) creation operators Lj's 
on r(C'^) are defined by 

LiX = Ci® X 

for 1 < i < d and x G r(C'^). The row contraction L = (Li, . . . , L^) con- 
sists of isometrics with orthogonal ranges. 

Popescu in |Po89aj gave the following explicit presentation of the min- 
imal isometric dilation of T by ]/ on = 7^ © (r(C'^) ® V), 

© ^ ® da) = Tih © [eo © + © © d^] (2.2) 

aeA aeA 

for h & Ti and d^ G T>. Here Dih := D{0, . . . , 0, /i, 0, . . . , 0) and h is em- 
bedded at the 2*^ component. For d = 1 this coincides with Schaffer's 
construction. 

In other words, the Vi are isometrics with orthogonal ranges such that 
T* = V*\n for i = 1, . . . , d and the spaces VaH with a G A together span 
the Hilbert space on which the Vi are defined. It is an important fact, 
which we shall use repeatedly, that such minimal isometric dilations are 
unique up to unitary equivalence (cf. |Po89a] ). If in addition ^ TjT* = 1, 
then ^ViV* = 1. 

For d > 2, the Cuntz algebra Od is the C*-algebra generated by n- 
isometries s = {si, . . . , Sd}, satisfying Cuntz relations: s*Sj = Sijl,l < 
i,j < n, and "^SiS* = 1. Therefore, V^'s are representations of Cuntz 
algebras, if ^T^T;* = 1. 
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2.2 Kraus decomposition, and theorems of 
Stinespring and Beurling 

Any normal unital completely positive map on BiTi) for any Hilbert space 
Ti is associated to a coisometric row contraction (may be of infinite length) 
on 7i. 

Theorem 2.2.1. (Kraus) Let : BiTi) —>■ BiTi) he a normal unital 
completely positive map. Then there is a row contraction T= (Ti, . . . , T^) 
such that 

d 

ip{X) = Y,T^XT:, for Xe Bin), 
1=1 

where d may he infinite. In the d = oo case the convergence of the ahove 
sum is to he taken in strong operator topology. 

The unital completely positive maps have proved to be the right gen- 
eralisations of states in the study of operator algebras. A role parallel to 
the GNS construction is played by the following theorem of Stinespring 
for completely positive maps: 

Theorem 2.2.2. If if is a unital completely positive map from a unital 
C* -algehra A to into B{T-C), then there is a Hilhert space JC containing Ti 
and * -representation a of A on K, such that ({>{X) = P7^cr(X)|7^. 

An elegant way of deriving Kraus decomposition from Stinespring The- 
orem is described in ( [Go04j . page 48). 

Another result in operator theory crucial for us (cf. Section 4.1) is the 
Beurling type theorem proved by Popescu (cf. |Po89b] ). We give here 
a detailed proof as there is only a short discussion on it in the existing 
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literature. At first we quote the corresponding classical theorem. Let D 
denote the open unit ball of C. For a Hilbert space /C we denote the set 

{u I u{z) — \]^'^(J'k ioT z e D, ajfc e /C and sup / \\u{re^^)\\'^dt < 00} . 

g 0<r<l Jo 

by H\}C) and define 

H°° := : D — > D | u is analytic on D, a.e. continuous on 9D, 

and sup|m(2;)| < 00}. 
zeo 

Moreover, a function u e H°° is called inner if |ti(e**)| = 1 a.e. for 
t e [0,27r). 

Theorem 2.2.3. (Beurling's Theorem) The invariant subspaces M. for 
the multiplication operator on H^{U), for some Hilbert space U, are 
precisely those of the form 

M = eH\Af) 
where is an inner function with values in B{J\f,U). 

Let V_ = (Vi, . . . , Vd) be a row contraction consisting of isometrics on a 
Hilbert space TZ. It follows that Vi,i = 1, . . . ,d have mutually orthogonal 
ranges. A subspace /C of 7?. is called wandering if 

ValCl-VpK, for distinct a, /3 e A. 

Further, a row contraction V_ of isometries is called a d-orthogonal shift if 
there is a wandering subspace IC (iTZ, and 

7^ = M(/C) := span{K/C : a e A}. 

We have a unitary transformation : M(/C) — > F ® /C defined by 



12 



CHAPTER 2. PRELIMINARIES 



Theorem 2.2.4. (cf. lPo89af ) (Wold decomposition) LetV= {Vi, . . . ,Vd) 
be a row contraction consisting of isometrics on a common Hilbert space 
IZ. Then IZ decomposes as 71 = TZq © TZi, such that IZq and IZi reduces 
Vi,i = 1, . . . and we have 

(a) = and {Vi\nQ, • • • , Vd\no) « d-orthogonal shift 
for 7^o. 

(h) Til = n^^QspaniVaTZ : |a| = n} and 7^o = M(7V), where M : = 
TZ span{ViR. : z = 1, . . . , c?}. 

For two Hilbert spaces K, and K,' consider an operator 9 : K, ®K,' . 
Take Mq : F (g) /C F (g) /C' as the operator: 

Me(L„ O l)(eo ® A;) := (L„ O k e IC. 

That Me{Li ® 1) = {Li ® 1)M0 is immediate. The operator 6 is called 
inner, if Mq is an isometry. 

Lemma 2.2.5. Let V_ andV^ be two d-orthogonal shifts on Hilbert spaces 
TZ and TZ', with the wandering subspaces K, and JC' respectively. Let Q be 
a contraction ofTZ into TZ' such that for i = 1, . . . ,d 

Qv, = v:q. 

Then there is a contraction 9 of JC into F /C' such that 

^^'q = Mg^^. (2.3) 
// Q is an isometry, then 6 is inner. 

Proof. Let k be an arbitrary element in /C. Then from the definition of Q 
we get elements k'^ G /C', such that 

aSA 
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It yields J2 Waf = WQkf < \W- We set k'^ = e^k for all A; e /C and 
thereby get 9a £ B{K,,K,'). The function 

9k :— Cq, 9ak, k & K, 

is contractive. Now Equation (2.3) can be estabhshed in the following 
way: 

We first observe that 

^^'Qk ^9k, ke /C. 

Therefore for /cq, e /C 

^'''QY.Vaka = J2<^'^'v;^Qka = J2{La^l)<5'^'Qka 

aeA aeA aeA 

= J2(La®l)9ka^ M0j2(La®'i-)(eo0ka) 

aeA aeA 
aeA 

As and are unitaries, we will have Me to be an isometry, if Q is 
an isometry. □ 

Theorem 2.2.6. (Beurling type theorem) Let U be a Hilbert space. A 
subspace Ai ofV®Uis invariant for Li <S) l,i — 1, ■ ■ ■ ,d if and only if 

M = Me{T®M) 

for some Hilbert space H and an inner function 9 : H ^ T ®1A. 

Proof. The proof of the "necessary" condition is trivial. We prove the 
"sufficient" condition. We consider the embedding of in F as 
eo (8) U, where eo is the vacuum vector in the Fock space F. We set 
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Vi — {Li 1^ = l,---,d. The row contraction y_ — (^1,...,^^) 

consists of isometrics with orthogonal ranges and 

n'^^oSpEn{VaM : \a\ = n} = n'^^QspEn{{L^®l){r^U) : |a| = n} = {0}. 
The Wold decomposition gives us 

M = span{KAA : a e A} = M{^^) (2.4) 
where M :— M.Q span{V^A4 : i — 1, . . . ,d}. We use Lemma 2.2.5 with 

n = M, IC = Af, 

7^' = r ® w, VI = Li ® 1, /c' = w 

and Q = id : M. ^ T ®hl. Thereby an inner function 9 : M ^ T ®IA is 
obtained with 

The observation that is identity leads us to 

h = Me^^h for h e M. 

Finally this implies 

M ^ e^^M ^ Me{T ® J\f). 

□ 

2.3 Characteristic function of Popescu 

After the preparation done in the previous section we look at how Popescu's 
characteristic functions, which are unitary invariants for certain row con- 
tractions, are developed using Beurling type theorem. The other char- 
acteristic functions we introduce in later chapters bear many common 
features with the one discussed here. 
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Recall that for any contraction T on a Hilbert space H the mid has 
the form 



acting on the dilation space Ti = TiQ) H-a for some Hilbert space Ti.A on 
which A is defined. Here A is *-stable, i.e., lim„^oo ||(^*)"^|| = for all 
h G Ha- Infact the defect space V (or Vt) is a wandering subspace for 
Ha with respect to A. 

At first consider the easy case, namely, of assuming T to be *-stable. 
Then the shift on f'®!)^ is a mid of T. Schaffer's construction (or Popescu's 
construction for c? = 1 case) described before gives another realisation 
of the mid of T. Here we observe that Ha is embedded as an invariant 
subspace for this shift. By Beurling's theorem an inner, operator valued 
function 9 exists such that 



for some Hilbert space H' . (To be precise, we need to make an identifica- 
tion of the shift on with the one on H'^.) 

A specific choice of such 9 is the characteristic function 9t for T. It is 
explicitly defined as 



where z belongs to the open unit ball of the complex plane. Here 9 is 
bounded analytic function on the open unit ball taking values in B{T>, T>^) 
and 



\\9t{z)\\ = 1 a.e. for ||^|| = 1. 
Obviously, we now have Ha — Ot{1'^ (8) T>). The identity (2.5) can be 




Ha = 9(1'' ® H') 




(2.5) 
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expanded in power series as 

oo 
n=l 

Definition 2.3.1. A row contraction T = (Ti, . . . ,Ta) is called 

1. *-stable z/lim„^ooE|a|=n ll^a^f = 0' 

2. completely non-coisometric (c.n.c. in short) if 

\a\=n 

In operator matrix form Popescu's construction of mid on 7i © (F 2^) 

is 

T, 
Die, ® .) L,; (g) 1 



In case of an arbitrary row contraction T, one way of representing the 
mid is Popescu's construction. If T is *-stable, then the operator tuple 
L ® 1 on r ® is also a mid of T and due to uniqueness of mids, there 
exist a unitary 

that intertwines between them. It is immediate that this Vr|r®x) is a 
multi-analytic inner operator, say Mq : P ® "D — > F © P^. This is called 
the characteristic function of T with symbol 

Ot ■■= Mel^^jy where 9t:V^T0V,. 

Popescu introduced the above defined characteristic functions in |Po89b] 
and showed that for c.n.c. row contractions T they are complete invariant 
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up to unitary equivalence. With Pj the orthogonal projection onto the 
j-th component, 6t in expanded form is 

d d 

Oxd = -eo ® J] TjPjd + ^ ® J] e„ ® D,T*PjDd, deV. 

Bhattacharyya, Eschmeier and Sarkar defined in |BES05j an analytic 
characteristic function for any commuting row contraction T as 

9t{z) := (-T + zD,{l - zT*)-'D)\v 

where z belongs to the open unit ball of the C"'. These functions are also 
complete invariants for c.n.c. operator tuples. 
Take C : Ti. ^ T (E) to he the map 

h^J2^»®^*'^ah, (2.6) 

oeA 

which is called the Poisson kernel. As P C Ti. we take Pi as the 

projection of V onto the i'^^ component, 1 < i < d. From |Po89b] we know 
that the mid _K of a *-stable row contraction T is unitarily equivalent to 
L (g) 1. In the following, using an argument similar to [FFQOj . IX.6.4, this 
unitary is constructed explicitly. 

Proposition 2.3.2. For a *-stahle row contraction T there exists a uni- 
tary 

w ■.n® {v{c^) ®v)^ r(c'^) ® v, 

such that [Li ®1)W = WVi. Together with this intertwining relation it is 
determined by 

w\h = c, wu,^v = er. 

Proof. It is easy to see that when T is *-stable, C is an isometry (see 
jPoSQbj ) and {L* ® 1)C = CT* . Let K := CH and T^ := {L* ® 1)1^^,. 
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So L (8> 1 is the mid of T^. Moreover is unitarily equivalent to T as 
Tj^,C* = C^:Ti where C^, is the unitary given by C as a map from 7i to Ti^,. 

Because mids are unique up to unitary equivalence (cf. |Po89aj ) this 
implies that there is a unitary W : H ® (r(C'^) (g)V) ^ r(C'') ® such 
that {Li (g) 1)W = WVi and W\n = C. For hi e H we have 

W{eo ® D{hu = W Y,iy^ - Ti)h 

i 

i j 

= ^ei®^eo,®D^T*^hi-^^ep®D^T*pTjhj 

i aeA i /3gA 

= -eo®J2 + ^ej®^e^® D,T*PjD^{hi, ...,hd) 

« J asA 

i 

+ I] ® ^ ® D,T*PjD{D{hi, hd)) 
= eTD{hu...,hd). 

Hence W^leo®© = ^t- From the explicit form of Popescu's dilation we see 
that the restriction of Vi to r(C'^) ® T) coincides with Lj 1. This shows 
that W is determined by C and 9t (together with (Lj (g) 1)W = WVi). ^ 

It is observed from this that 6t is an isometry when T is *-stable (also 
realized in Remark 3.2 of |Po89b] ). 

The noncommutative Beurling type theorem (Theorem 2.2.6) and the 
characteristic functions of row contractions indicate that there should be 
a parallel theory of noncommutative complex analysis. Such a theory was 
given by Popescu ( [Po91j . [Po06j ). There one replaces open unit disc of 
the complex plane by [B{ny]i := {(Xi, ...,Xd)e BiUY ■ + . . .+ 
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XrfX^II < 1}. Let Zi, . . . , Zfi denote d noncommuting variables and 
Hol(I])^) := {F = ^afeZ«:limsup(^ < 1}- 

aeA \a\=k 

Then the noncommutative analogue of H°° is given by 
H^{B^) = {F e Hol{B>^) : ||F||oo sup \\F{X,, ...,Xd)\\<oo 

where supremum is taken over (Xi, . . . , Xd) in [B{H)'^]i}, 

Note that alone has no exphcit meaning and the notation Hol(B^) 
is used to denote the set which is the counterpart of the set of classical 
analytic functions on the open unit ball of the complex plane. 

2.4 Hilbert C*-module 

Next we review some selected topics about Hilbert C*-modules which we 
need in Section 6.3. 

For a given C*-algebra A, a pre-Hilbert C*-module ^ on ^ is a right 
^-module with a sesquilinear inner product: 

< ., . >: g X g ^ A, 

for X, e ^, a e ^ such that: 

(a) < x,Va >=< X,V> a, 

(b) <x,X>>Oand 

(c) <x,x>=o<^x = o 

1 

A norm can be defined on g by ||.|| := || < ., . > where ||.||^ is the C*- 
algebra norm of A. Such a module Q is called Hilbert C* -module on A if 
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it is complete with respect to the above norm. By C{Q) we denote the set 
of all adjointable maps on Q. The set turns out to be a C*-algebra 
with respect to the operator norm induced by {Q, \\ ||). 

Let if : A ^ ^{S) be a *-homomorphism and write ^{0)7] := a-q 
for all a G ?7 G £. The Hilbert C*-module Q together with such a *- 
homomorphism is called a Hilbert himodule on A. There is an associated 
tensor product structure Q ® Q ioi any Hilbert bimodule Q given by 

<Vi® Xi, V2 ® X2 >=< Xi, < Vu V2> X2> for r^i, 772, Xi, X2 e ^. 

Definition 2.4.1. yl iy*-correspondence £^ over a von Neumann algebra 
M. is a self-dual Hilbert Ai-bimodule where the corresponding left action 
if of M. on £ is normal. 

Definition 2.4.2. A pair (T, a) is called a covariant representation of 
W* -correspondence £ over M. on a Hilbert space Ti, if: 

(a) T : £ ^ B{T-C) is a linear map that is continuous w.r.t. the a- 
topology of jBDH88^ on £ and the ultraweak topology on BiTi). 

(b) a : M. ^ B{T-C) is a normal homomorphism. 

(c) T{ai) =a{a)T{^),T{^a) =T{^)(r{a) for all^e£,aeM. 
If a completely contractive covariant representation satisfies 

in addition, it is called isometric. 

One of our prime objective is to use dilation theory of covariant rep- 
resentations of iy*-correspondences to extend our theory of characteristic 
functions and then apply it to classify these covariant representations. 
First we remark that for any iy*-correspondence £ over a von Neumann 
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algebra Ai and a normal representation a : Ai ^ BiTi) there is an in- 
duced tensor product £ ®„ H, which is a Hilbert space, with the defining 
identities: 

^la (S) ?7i = ^1 ® cr{a)rii and 

for C,i,^2 & £ and r7i,r72 G 7i. In addition if a is also faithful, define 
g'^ ■= e Bin, £®„n): H(T{a) = ((^(a) ® l)fi WaeM}. 
S'^ is called the a-dual of Its open unit ball is denoted by D(£^'^). 

For every covariant representation (T, a) on 7i, we can get an operator 
f in B{£®H,H) given by 

f{ri®h) ■=T{ri)h. 

It is handy to work with the operator T instead of (T, a) in dilation theory. 
The next lemma provides a dictionary to translate some important notions 
for (T, cr) in terms of that for T and vice versa. 

Lemma 2.4.3. fMSU^ 

(a) T is completely bounded if and only if T is hounded and 

\\T\U=\\f\\ 

(h) T is completely contractive <S=^ ||T|| < 1. 

(c) iT,a) is isometric if and only if T is isometric. 

Proof. We prove only the part (b) here. Start with the assumption that 
||T|| < 1. Let 

kxk be an element in Mk^E). For h — [hi, . . . , hk), hi & Ti 
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we have 

i=l j=l 1=1 j=l 

k k 

- E II E ® 11^ = ^{'nij ® Vii ® hi) 

1=1 j=l 

Therefore 

k 

ii(n%)).x./iir < iiE^((%-,77.o)).x.iiii/iir. 
1=1 

a is completely contractive because it is a *-represeiitation. This implies 

iim%))fexfe/iir< ii(%)fexfei""""' 



Hence \\T\\^b < 1- 

For the converse first we claim that: If T is completely contractive, 
then for every Ci, C2, ■ ■ ■ , Cfe e ^ 

{T{CirT{Q)kxk < {'JiiCi: Q))kxk. (2.7) 

Using the claim, the converse of part (b) can be proved in the following 
way: 

Let Ci) ■ ■ ■ ) Cfe £ ^ ^iid h — {hi, ... , hk), hi e H. Assuming equation (2.7) 
holds, we observe that 

k 

W^Ci® hiWl^n = "^{hh (^{{Ch Cj))hj) = {h, {a{{Ci, Cj)))kxkh) 

i=l i,j 
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and on the other hand 



k 



k 



i=l 



1=1 



{h, (T(0)*r(0))fcxfc/i). 



From the above two calculations we conclude that ||T|| < 1. 

Proof of the Claim: We start with some Ci, • • • , Cfc ^ ^- Because we 
will be studying how T operates on = 1, . . . ,d, we assume without 
loss of generality that S is generated by the Q^s. A corollary of Kas- 
parov's stabilization theorem (cf. |La95] or Appendix of chapter 6) allows 
us to pick vectors {?7i}^i in £ such that {r/j (g) r]*}'^^ is a contractive 
approximate identity of the algebra K{S) of compacts. The projection 
Q := ((r^j, r7j))ooxoo is an element of the multiplier algebra of M.<^K (where 
^ stands for the C*-algebra of compact operators on any separable infi- 
nite dimensional Hilbert space). Denote {cr{{r]i,r]j))) ooxoo (in B{H^°°^)) 



and {a{{Ci,Vj)))ooxk (in E(H(°°), H^"))) by a{Q) and R respectively. We 



Ra{Q)R* = {a{{Q, Cj)))kxk, R{nri,yT{T],))^xooR* = (T(0)*T(0))fcxfc. 



have 



Therefore we just need to show 



ooxoo 



<HQ) 



and this is an easy exercise on observing that 



{T{r^,),T{r^2),...MQ) = invi),nv2),...) 



and employing the fact that T is completely contractive. 



□ 



CHAPTER 2. PRELIMINARIES 



Chapter 3 

Characteristic Functions for 
Ergodic Tuples 



Abstract: Motivated by a result on weak Markov dilations, we define a 
notion of characteristic function for ergodic and coisometric row contrac- 
tions with a one- dimensional invariant subspace for the adjoints. This 
extends a definition given by G. Popescu. We prove that our characteris- 
tic function is a complete unitary invariant for such tuples and show how 
it can be computed. 



Joint work with Rolf Gohm. Published in Integral Equations and 
Operator Theory 58 (2007), 43-63. 
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3.0 Introduction 

If Z = J2i=i ^i'^i is a normal, unital, ergodic, completely positive map on 
B{T-C), the bounded linear operators on a complex separable Hilbert space, 
and if there is a (necessarily unique) invariant vector state for Z, then we 
also say that A = {Ai, . . . , Ad) is a coisometric, ergodic row contraction 
with a one- dimensional invariant subspace for the adjoints. Precise defi- 
nitions are given below. This is the main setting to be investigated in this 
paper. 

In Section 3.1 we give a concise review of a result on the dilations of Z 
obtained by R. Gohm in [Go04j in a chapter called 'Cocycles and Cobound- 
aries'. There exists a conjugacy between a homomorphic dilation of Z and 
a tensor shift, and we emphasize an explicit infinite product formula that 
can be obtained for the intertwining unitary. |Go04] may also be consulted 
for connections of this topic to a scattering theory for noncommutative 
Markov chains by B.Kiimmerer and H. Maassen (cf. |KMOO] ) and more 
general for the relevance of this setting in applications. 

In this work we are concerned with its relevance in operator theory 
and correspondingly in Section 3.2 we shift our attention to the row con- 
traction A = {Ai, . . . , All). Our starting point has been the observa- 
tion that the intertwining unitary mentioned above has many similarities 
with the notion of characteristic function occurring in the theory of func- 
tional models of contractions, as initiated by B. Sz.-Nagy and C. Foias 
(cf. |NF70l IFFQOj ). In fact, the center of our work is the commuting 
diagram 3.5 in Section 3.3, which connects the results in [Go04j men- 
tioned above with the theory of minimal isometric dilations of row con- 
tractions by G. Popescu (cf. |Po89aj ) and shows that the intertwining uni- 
tary determines a multi-analytic inner function, in the sense introduced 
by G. Popescu in |Po89ci [Po95j . We call this inner function the extended 
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characteristic function of the tuple A, see Definition 3.3.3. 

Section 3.4 is concerned with an exphcit computation of this inner 
function. In Section 3.5 we show that it is an extension of the charac- 

o 

teristic function of the *-stable part A of A, the latter in the sense of 
Popescu's generalization of the Sz.-Nagy-Foias theory to row contractions 
(cf. |Po89b] ). This explains why we call our inner function an extended 
characteristic function. The row contraction A is a one-dimensional ex- 

o 

tension of the *-stable row contraction A, and in our analysis we separate 
the new part of the characteristic function from the part already given by 
Popescu. 

G. Popescu has shown in |Po89bj that for completely non-coisometric 
tuples, in particular for *-stable ones, his characteristic function is a com- 
plete invariant for unitary equivalence. In Section 3.6 we prove that our 
extended characteristic function does the same for the tuples A described 
above. In this sense it is characteristic. This is remarkable because the 
strength of Popescu's definition lies in the completely non-coisometric sit- 
uation while we always deal with a coisometric tuple A. The extended 
characteristic function also does not depend on the choice of the decom- 
position J2i=i ' '^^ completely positive map Z and hence also 
characterizes Z up to conjugacy. We think that together with its nice 
properties established earlier this clearly indicates that the extended char- 
acteristic function is a valuable tool for classifying and investigating such 
tuples respectively such completely positive maps. 

Section 3.7 contains a worked example for the constructions in this 
paper. 
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3.1 Weak Markov dilations and conjugacy 

In this section we give a brief and condensed review of results in |Go04j . 
Chapter 2, which will be used in the following and which, as described in 
the introduction, motivated the investigations documented in this paper. 
We also introduce notation. 

A theory of weak Markov dilations has been developed in |BP94j . For a 
(single) normal unital completely positive map Z : BilH) B{T-l), where 
B(TC) consists of the bounded linear operators on a (complex, separable) 
Hilbert space, it asks for a normal unital * — endomorphism J : B{i-i) — >■ 
B(J-t), where is a Hilbert space containing TC, such that for all n G N 
and all x G B(H) 

Here is the orthogonal projection onto Ti. There are many ways to 
construct J. In |Go04j . 3.2.3, we gave a construction analogous to the 
idea of 'coupling to a shift' used in |Ku85] for describing quantum Markov 
processes. This gives rise to a number of interesting problems which re- 
main hidden in other constructions. 

We proceed in two steps. First note that there is a Kraus decomposi- 
tion Z{x) = J2i=i^i^^i "with (cij)f=i C B{7i). Here c? = oo is allowed in 
which case the sum should be interpreted as a limit in the strong operator 
topology. Let P be a d-dimensional Hilbert space with orthonormal ba- 
sis {ei, . . . , erf}, further /C another Hilbert space with a distinguished unit 
vector VLfc ^ We identify H. with Ti ® Qx: C H ® IC and again denote 
by p-H the orthogonal projection onto H. For /C large enough there exists 
an isometry 



u : Ti ®V ^ 7i ® IC s.t. p^^u^h ® e^) = ai{h), 
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for all /i G 7i, z = 1, . . . , (i, or equivalently, 



d 



i=l 

Explicitly, one may take JC = C^^^ (resp. infinite-dimensional) and iden- 
tify 

d d 

1 1 

Then, using isometries ui, . . . ,Ud ■ H ^ H (B with orthogonal 

ranges and such that = pn^i for all i (for example, such isometries 
are explicitly constructed in Popescu's formula for isometric dilations, cf. 
jPo89aj or equation 3.4 in Section 3), we can define 

u{h ® Cj) := Ui{h) 

for all /i G 7i, i = 1, . . . ,d and check that u has the desired properties. 
Now we define a *— homomorphism 

J: Bin) Bin^K), 

X (-^ u{x® l-p) u* . 

It satisfies 

p-H J{x){h ® Qic) =phu{x® l)u*{h ® Q/c) 

d d 

= p-uu{x ® 1)[ ^ ci*{h) ® ti) = ^ aixa*{h) = Z{x){h), 

i=l i=l 

which means that J is a kind of first order dilation for Z. 

For the second step we write /C := K, for an infinite tensor product 
of Hilbert spaces along the sequence (fi/c) of unit vectors in the copies of 
K. We have a distinguished unit vector VLj^ and a (kind of) tensor shift 

R: B{}C) ^ B{V 0}C), y^lv®y. 
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Finally Ti :=7i® K, and we define a normal * — endomorphism 

J:B{n) Bifi), 
B{H) ® B{iq 3 X ® y ^ J{x)®y e B{n®lC)® B{t). 

Here we used von Neumann tensor products and (on the right hand side) 
a shift identification /C (g) /C ~ /C. We can also write J in the form 

J(-) =u{Idn®R){-)u\ 

where u is identified with u®lj^. The natural embedding Ti ~ TC®iQj^ C H 
leads to the restriction J := with H := span^>g J" {pn )(fi.), which 
can be checked to be a normal unital * -endomorphism satisfying all the 
properties of a weak Markov dilation for Z described above. See |Go04j . 
2.3. 

A Kraus decomposition of J can be written as 

d 

J (^X^ — ^^^^^ X t J 
i=l 

where ti G B{7i) is obtained by linear extension ofTi.®)IC3h®)k\-^ 
Ui{h) ®k = u{h®ei)®ke (7i (g) /C) ® ^ ~ 7i ® /C. Because J is a 
normal unital * —endomorphism the {ti)f^i generate a representation of 
the Cuntz algebra on 7i which we called a coupling representation in 
|Go04] ■ 2.4. Note that the tuple (ti, . . . , td) is an isometric dilation of the 
tuple (oi, . . . ,ad), i.e., the ti are isometrics with orthogonal ranges and 
Pntiln = a" for alH = 1, . . . , c? and n eN. 

The following multi-index notation will be used frequently in this work. 
Let A denote the set {1,2, . . . , d}. For operator tuples (ai, . . . , a^), given 
a = («!, . . . , am) in A™, will stand for the operator a^^aa^ ■ ■ ■ Oo^, 
|a| := m. Further A := U^qA", where A*^ := {0} and Oq is the identity 
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operator. If we write a* this always means (oq)* = a*^ . . . a*^. 

Back to our isometric dilation, it can be checked that 

spa.n{tah : h E H, a E A} = H, 

which means that we have a minimal isometric dilation, cf. |Po89aj or the 
beginning of Section 3.3. For more details on the construction above see 
[GoOl], 2.3 and 2.4. 

Assume now that there is an invariant vector state for Z : BiTi) — 
B{T-l) given by a unit vector ^7.^ G Ti. Equivalent: There is a unit vector 
Qp = Yli=i ^i^i ^ ^ such that u^Q-h ® fip) = fin ® fi/c- Also equivalent: 
For i = 1, . . . ,d we have a* Vt-^ = ZJi ^I-h- Here cjj G C with Yl'i=i I'^iP = 1 
and we used complex conjugation to get nice formulas later. See |Go04j . 
A. 5.1, for a proof of the equivalences. 

On V := 1^'^ V along the unit vectors {VL-p) in the copies of V we have 
a tensor shift 

S:B{V)^B{V), y^lv®y. 

Its Kraus decomposition is S{y) = Ylf^i Siy s* with s-i G B{V) and Si(k) = 
ei®k for k eV and i = 1, . . . ,d. In |Go04j . 2.5, we obtained an interesting 
description of the situation when the dilation J is conjugate to the shift 
endomorphism S. This result will be further analyzed in this paper. We 
give a version suitable for our present needs but the reader should have 
no problems to obtain a proof of the following from |Go04| . 2.5. 

Theorem 3.1.1. Let Z : B{T-C) BiTi) be a normal unital completely 
positive map with an invariant vector state {^In^ ■ ^n)- Notation as intro- 
duced above, d>2. The following assertions are equivalent: 

(a) Z is ergodic, i.e., the fixed point space of Z consists of multiples of 
the identity. 
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(b) The vector state {Q-^j-Qf^) is absorbing for Z , i.e., if n —>■ oo then 
0(Z'"(x)) (Qt-ijxQ-h) for all normal states and all x G BiTi). 
(In particular, the invariant vector state is unique.) 

(c) J and S are conjugate, i.e., there exists a unitary w : H. V such 
that 

J{x) = w* S{w X w*) w. 

(d) The Od— representations corresponding to J and S are unitarily equi- 
valent, i.e., 

wtj = SiW fori = l,...,d. 

An explicit formula can be given for an intertwining unitary as occurring 
in (c) and (d). If any of the assertions above is valid then the following 
limit exists strongly, 

w = lim . . . : H^JC ^H^V, 

where we used a leg notation, i.e., Uon = {Idji ®R)'^~^{u). In other words 
is u acting on Ti and on the n—th copy ofV. Further w is a partial 
isometry with initial space T-i and final space V ~ VLfi ®V dH^V and 
we can define w as the corresponding restriction ofw. 

To illustrate the product formula for w, which will be our main interest 
in this work, we use it to derive (d). 

wti{h k) = w \u{h ® Cj) ® k] = lim u^^ . . . ul^Uoi{h ® Cj A;) 

n—*oo 

= lim Mq^ . . . Mo2(^ ^ ti ® k) = Si w{h ® k). 

n—*oo 

Let us finally note that Theorem 3.1.1 is related to the conjugacy results 
in |Pow88j and |BJP96j . Compare also Proposition 3.2.4. 
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3.2 Ergodic coisometric row contractions 

In the previous section we considered a map Z : B{Ti.) — > B{7i) given by 
Z{x) = T^t^iAixA*, where C B{n). We can think of as 

a d-tuple A — {Ai, . . . , Afi) or (with the same notation) as a hnear map 

d 

A={A,,...,Aa): 0H^H. 

(Concentrating now on the tuple wc have changed to capital letters A. We 
will sometimes return to lower case letters a when we want to emphasize 
that wc arc in the (tensor product) setting of Section 3.1.) We have the 
following dictionary. 



Z{1) < 1 ^ ^ 1 

i=l 

■v^ A is a. contraction 



z(i) = i ^ 1 

i=l 

{Z is called unital) (^4 is called coisometric) 



i=l 

( invariant vector state) ( common eigenvector for adjoints) 



Z ergodic {A,4*}' = C1 
(trivial fixed point space) ( trivial commutant ) 

The converse of the imphcation at the end of the dictionary is not 
vahd. This is related to the fact that the fixed point space of a completely 
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positive map is not always an algebra. Compare the detailed discussion 
of this phenomenon in |B JKWOO] . 

By a slight abuse of language we call the tuple (or row contraction) 
A = [Ai, . . . ,Ad) ergodic if the corresponding map Z is ergodic. With 
this terminology we can interpret Theorem 3.1.1 as a result about ergodic 
coisometric row contractions A with a common eigenvector Q-^ for the 
adjoints A*. This will be examined starting with Section 3.3. To represent 

o 

these objects more explicitly let us write H'-= HqC^I-h- With respect to 

o 

the decomposition H = Cil-n® H we get 2x2— block matrices 

o O O 

Here Aj G -B(7i) and ii ETi- For the off-diagonal terms we used a 
Dirac notation that should be clear without further comments. 

Note that the case d = 1 is rather uninteresting in this setting because 

if A is a coisometry with block matrix ( „ ) then because 





^ 






1 = AA* = 1 










we always have £ = 0. But for d > 2 there are many interesting examples 
arising from unital ergodic completely positive maps with invariant vector 
states. See Section 3.1 and also Section 3.7 for an explicit example. We 
always assume d > 2. 

Proposition 3.2.1. A coisometric row contraction A = {Ai, . . . , A^) is 
ergodic with common eigenvector Qf^ for the adjoints A^^, . . . , A*^ if and 

o 

only if Ti, is invariant for Ai, . . . ,Ad and the restricted row contraction 
(y4i, . . . , Ad) on 7i is *-stahle, i.e., for all h G7i 



lim E ||i>f = 

J, — >no ' * 



n— >oo 

\a\=n 
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Here we used the multi-index notation introduced in Section 3.1. Note 
that *-stable tuples are also called pure, we prefer the terminology from 
[FFQO] . 

Proof. It is clear that Qf^ is a common eigenvector for the adjoints if 
and only if 7i is invariant for Ai, . . . , A^. Let Z(-) = Y2i=i ^« ' ^"6 
the associated completely positive map. With q := 1 — \Q')-i){^'h\, the 
orthogonal projection onto 7i, and by using gAj g = g ~ Ai for all i, 
we get 

\a\=n \a\=n 

o 

and thus for all h G7i 

j2 \\A:hr = {h,z-{q)h). 

\a\=n 

Now it is well known that ergodicity of Z is equivalent to Z^{q) for 
n oo in the weak operator topology. See [GKLOGj . Prop. 3.3.2. This 
completes the proof. □ 

Remark 3.2.2. Given a coisometric row contraction a = (ai, . . . , ad) we 
also have the isometry u : Ti^V —>■ T-L®K, from Section 3.1. We introduce 
the linear map a : V ^ B{7i), k \^ defined by 

al{h)®k := (1^^ ® \k) {k\) u* {h ® Q/c) . 

Compare JUoU^, A. 3. 3. In particular = a^. for i = l,...,d, where 
{ei, . . . ,ed} is the orthonormal basis of V used in the definition of u. 
Arveson's metric operator spaces, cf. IAr03^ . give a conceptual foundation 
for basis transformations in the operator space linearly spanned by the ai. 
Similarly, in our formalism a unitary in B{V) transforms a = (oi, . . . , a^) 
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into another tuple a' = {a'l, . . . , a'^) . If is a common eigenvector 
for the adjoints a* then Jl-^ is also a common eigenvector for the ad- 
joints {a'^y but of course the eigenvalues are transformed to another tuple 
u/ — {cu'i, . . . jCu'^)- We should consider the tuples a and a' to be essen- 
tially the same. This also means that the complex numbers cui are not 
particularly important and they should not play a role in classification. 
They just reflect a certain choice of orthonormal basis in the relevant 
metric operator space. Independent of basis transformations is the vector 
D,-p — Ylf^i Uiei &V satisfying <S> ^v) — ® ^ic (see Section 3.1) 
and the operator a^^ = Yl'i=i'^i'^i- 

For later use we show- 
Proposition 3.2.3. Let A = [Ai, . . . , A^i) be an ergodic coisometric row 
contraction such that A* Q-^ = cJi Vt-}i for all i, further Aq,^ := Ylf^i oJi A^. 
Then for n — >• oo m the strong operator topology 

{A},^r^\Qn){^n\. 

Proof. We use the setting of Section 3.1 to be able to apply Theorem 
3.1.1. Prom u*{h ® Q^:) = Ejli ® we obtain 

u* {h (g) Qjc) = Ofjp (h) ®h' 

. o 

with h' G H^Qp. Assume that h ^Ti- Because u* is isometric on Ti^flic 
we conclude that 

u*{nn®^ic) = ^H®^p -^u*{h0n,c) (3.2) 

o 

and thus also a}^^{h) EH- In other words, 
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Let Qn be the orthogonal projection from H (g) (^"P onto Q-^ <S> 01 ^■ 
Prom Theorem 3.1.1 it follows that 

n 

1 

On the other hand, by iterating the formula from the beginning, 

n n 

u*,^... ul,(h (g) Qx;) = {{a*n^nh) (g) Qp) /i' 
1 1 

with h' en® ((g)i Jlp)^. It follows that also 

n 

(l-?n)((anpm®(8)^^p)^0. 

1 

But from a^p(:h;) CH we have gn((anp)"(^) ® 0i ^r) = all n. We 
conclude that — > for n — > cxd. Further 

i=l i=l 

and the proposition is proved. □ 

The following proposition summarizes some well known properties of 
minimal isometric dilations and associated Cuntz algebra representations. 

Proposition 3.2.4. Suppose A is a coisometric tuple on Ti and V_ is its 

minimal isometric dilation. Assume Q-^ is a distinguished unit vector in 
Ti and uj_ = {uji, . . . ,u!d) e C^, |<^i|^ — 1- Then the following are 
equivalent. 

1. A is ergodic and A* Q-^ = uji Q-i-i for all i. 

2. y_ is ergodic and V* Jl-^ = cZJj Q-^ for all i. 
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3. V* = uJi and V_ generates the GNS-representation of the 
Cuntz algebra Od = C*{gi, ■ ■ ■ , gd} (gi its abstract generators) with 
respect to the Cuntz state which maps 

ga gl ^ uja ^f3, Va, f3 e A. 

Cuntz states are pure and the corresponding GNS-representations are ir- 
reducible. 

This Proposition clearly follows from Theorem 5.1 of [BJKWOO] , The- 
orem 3.3 and Theorem 4.1 of [BJP96j . Note that in Theorem 3.1.1(d) 
we already saw a concrete version of the corresponding Cuntz algebra 
representation. 

3.3 A new characteristic function 

First we recall some more details of the theory of minimal isometric dila- 
tions for row contractions (cf. |Po89aj ) and introduce further notation. 
The full Fock space over {d > 2) denoted by r(C'^) is 

r(C'^) := c © © {c^f © ■ ■ ■ © (C'^)^'" © ■ ■ ■ . 

1 © © ■ ■ ■ is called the vacuum vector. Let {ei, . . . , e^} be the standard 
orthonormal basis of C^. Recall that we include d = oo in which case 
stands for a complex separable Hilbert space of infinite dimension. For 
a G A, Cq, will denote the vector ©e^j © ■ ■ • ©Cq^ in the full Fock space 
r(C^) and Co will denote the vacuum vector. Then the (left) creation 
operators Lj on r(C'^) are defined by 



LiX = Ci® X 
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for 1 < z < d and X G r(C'^). The row contraction L = (Li, . . . , L^) con- 
sists of isometries with orthogonal ranges. 

Let T = (Ti,--- ,Td) be a row contraction on a Hilbert space Ti. 
TreatingT as a row operator from ^f^^^ H to H, define D^, := (1— TT*)^ : 
n^nandD:={l- T*T)l : 0f^^ U 0ti This imphes that 

d 

= (1 - J]T,7;*)I, = (<5,,1 - T:T,)1,. (3.3) 

Observe that TD^ = D^T and hence TD = D^T. Let V := Range D and 
:= Range D^. Popescu in |Po89aj gave the following explicit presenta- 
tion of the minimal isometric dilation of T by on 7i © (r(C'^) (8> T)), 

Vi{h © ^ Ca ® rf„) = Tih © [eo © A/i + ® ^ ® da] (3.4) 

for h E Ti and (io, G V. Here Dj/i := D(0, . . . , 0, /i, 0, . . . , 0) and h is 
embedded at the i^^ component. 

In other words, the Vi are isometries with orthogonal ranges such that 
T* = V*\n for i = 1, . . . , d and the spaces VaH with a E A together span 
the Hilbert space on which the Vi are defined. It is an important fact, 
which we shall use repeatedly, that such minimal isometric dilations are 
unique up to unitary equivalence (cf. |Po89aj ). 

Now, as in Section 3.2, let A = {Ai, ■ ■ ■ ,Ad), Ai G B(T-[), be an er- 
godic coisometric tuple with A'^Q-h = UiQ-n for some unit vector Qy^ G H 
and some u G C'', J2i l^jP = 1- Let V_ = (Vi, ■ ■ ■ , V^) be the minimal 
isometric dilation of A given by Popescu's construction (see equation 3.4) 
on 7^ © (r(C^) © Va). Because A* = V*\n we also have V*nn = uji^ln 
and because V_ generates an irreducible O^— representation (Proposition 
3.2.4), we see that V_ is also a minimal isometric dilation of c^; : C"' ^ C 
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In fact, we can think of u as the most elementary example of a tuple with 
all the properties stated for A. Let y_—{Vi,---,Vd)he the minimal iso- 
metric dilation of lo given by Popescu's construction on C®{r{C^)®T>^). 

Because A is coisometric it follows from equation 3.3 that D is in fact a 
projection and hence D = {Sijl-A*Aj)dxd- We infer that D{Al, ■ ■ ■ , A^)'^ = 
0, where T stands for transpose. Apphed to co instead of A this shows 
that Di_^ = (1 — |^)(^|) and 

where w = (aJi , • • • , cUd) ■ 

Remark 3.3.1. Because Jl-^ is cyclic for {Va, a & A} we have 
span{AaftH CK & A} — span{pu Kt^w : a e A} = 71. 

Using the notation from equation 3. 1 this further implies that 
span{Aa li : a E A, 1 < i < d} — 7i . 

As minimal isometric dilations of the tuple lj are unique up to unitary 
equivalence, there exists a unitary 

w-.n® (ric^) Pa) ^ c ® (r(c'^) ® v^), 

such that WVi = ViW for all i. 

After showing the existence of W we now proceed to compute W ex- 
plicitly. For A, by using Popescu's construction, we have its minimal 
isometric dilation V^onH® (r(C'^) 'Da)- Another way of constructing 
a minimal isometric dilation i of a was demonstrated in Section 3.1 on 
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the space H (obtained by restricting to the minimal subspace oi H <Si 
with respect to t). Identifying A and a on the Hilbert space H there is 
a unitary Fa : H ^ H ® {r{C'^) O Va) which is the identity on H and 
satisfies V^F^ = r^^i- 

By Theorem 3.1.1(d) the tuple s on P arising from the tensor shift 
is unitarily equivalent to t (resp. V_), explicitly wU — SiW for all i. An 
alternative viewpoint on the existence of w is to note that s is a min- 
imal isometric dilation of to. In fact, s*flp = {ei,fl-p)flp = ZJiflp for 
all i. Hence there is also a unitary : V ^ C ® (r(C'^) (8) V^) with 
r^^Qp = 1 e C which satisfies ViT^^ — r^^Sj. 

Remark 3.3.2. It is possible to describe in an explicit way and in 
doing so to construct an interesting and natural (unitary) identification 
o/(g)f and C © (r(C'') (g) C^-^). In fact, recall (from Section 3.1) that 
V = V and the space V is nothing but a d- dimensional Hilbert space. 
Hence we can identify 

C^c^V ='P(BCflp ~ © Cm^ ~ C^-' © C 

In this identification the orthonormal basis (ei)f=i ofV goes to the canon- 
ical basis (ei)f^i of C^, in particular the vector Jl-p = X^i^i^i 9^^^ 

o 

^ — (cJi, ■ ■ ■ , oJd)'^ 0-nd we have •p ~ V^. Then we can write 

: ^ 1 e c, 

k ® I— > Co <S> k 
ea<S> k<S> fi-p I— > Bq, (8 A;, 

o ~ 

where k EP, o; G A, = e^^ (8) . . .e^^ G (the first n copies of V 

in the infinite tensor product V), Ca — ® ■ ■ .e^^ G r(C'^) as usual. 
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It is easily checked that F^^ given in this way indeed satisfies the equation 
ViT^ — r^Si (for all i), which may thus he seen as the abstract character- 
ization of this unitary map (together with T^^V^-p = 1). 



Summarizing, for i — 1, . . . ,d 

Vi Fa = Ta ti, wti^Si w, Vi = Si 
and we have the commuting diagram 



n -V (3-5) 



n © (r(C'^) (8) Va) c © (r(C'') ® v^) . 

From the diagram we get 

Combined with the equations above this yields WVi = ViW and we see 
that W is nothing but the dilations-intertwining map which we have al- 
ready introduced earlier. Hence w and W are essentially the same thing 
and for the study of certain problems it may be helpful to switch from 
one picture to the other. 

In the following we analyze W to arrive at an interpretation as a new 
kind of characteristic function. First we have an isometric embedding 

C ■.^W\n:n^C®{r{C'^)<»V^). (3.6) 

Note that C Q-h = W Q-h = 1 G C. The remaining part is an isometry 

Mq := W\r^c'i)^v^ ■ TlC^) ®Va^ r(C<^) V^. (3.7) 

From equation 3.4 we get for all i 
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and we conclude that 

Mq(L,® l2,J = (L,®l2,jMe, \/l<i<d. (3.8) 

In other words, Mq is a multi-analytic inner function in the sense of 
|Po89ct IPo95] . It is determined by its symbol 

e := WU,^v^ : Va ^ r(C'^) ® V^, (3.9) 

where we have identified Cq^V^ and Va- In other words, we think of the 
symbol 9 as an isometric embedding of Va into r(C'^) ® "Dt^. 

Definition 3.3.3. We call (or 9) the extended characteristic function 
of the row contraction A, 

See Sections 3.5 and 3.6 for more explanation and justification of this 
terminology. 

3.4 Explicit computation of the extended 
characteristic function 

To express the extended characteristic function more explicitly in terms 
of the tuple A we start by defining 

D,:n=nQcnn v = v ecviv-v^, (3.10) 

h ^ {{nn\ ® Ip) u*{h O fix;), 
where u : TC®V ^ H®ICis the isometry introduced in Section 3.1. That 

o 

indeed the range of D^, is contained in "P follows from equation 3.2, i.e., 

o 

u*{h ® ^k) -L ® for ^ ^Ti- With notations from equation 3.1 we 
can get a more concrete formula. 
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Lemma 3.4.1. For all h we have D^{h) = X]j=i(^«' ^)^*- 

Proof. {{nn\^lv)u*{h^nK)^Eti{^n:a*h)^ei^Y.t=i{^i:h)ei. □ 

Proposition 3.4.2. The map C -.H^C® (r(C'^) ® V^) from equation 

^ o 

3. 7 is given explicitly by CJl-^ = 1 and for h Efi by 

Proof As WQ-H = 1 also CQ-h = 1- Assume /i e-^- Then 

Uqi {h ® Vt£) = a*h® ei® fl^ 

i 

= ^(^i, ® ® ^yc + X/ ^» ^ ® ® 

Because u*{nT-c ® r2j(c) = ® we obtain (with Lemma 3.4.1) for the 
first part 

hm ^on • • • '"02(511 M^w 0ei0 O^^) 

i 

= ^{ii, h)VtH ®ei®VLp = VtH® D*h (g) ~ D^h ®VtpeV. 

i 

Using the product formula from Theorem 3.1.1 and iterating the argument 
above we get 

C{h) =Wh = T^wT^\h) 
= Vi_^{D^h <S> fi-p) + hm ul • • • lim / a - h <® <S> 

i 

^ V — ^ / , O*. 0*0*\ 

= eo <8) D^h + hm u^^ - ■ ■ u^^ ^ [{£j, h)VLu + a^a^ h)®ei® ej Qj^- 

d 

A ^ A O * ^ ^ 0*0* 

= eo(8)-D*/i+ > (8) Oj /i + lim Mq„ • • • > a,a^h®ei®ej®Vti. 

' n— *oo ' 
1=1 j,i 
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= V ea (8) /i + lim ul^--- u^^^^ V /i ® ® Q^. 

|a|<m |a|=m 

Prom Proposition 3.2.1 we have X]|a|=m II — > for m — > oo and 
we conclude that the last term converges to 0. It follows that the series 
converges and this proves Proposition 3.4.2. □ 

o 

Remark 3.4.3. Another way to prove Proposition 3.4-2 fork ETi consists 
in repeatedly applying the formula 

u* {h ^ flic) ^ ah-p^ ^ + h' , h'eH^V 

to the UQ^{h (E) ^Ifc) and then using {a}i^)"'h 0, see Proposition 3.2.3. 
This gives some insight how the infinite product in Theorem 3.1.1 trans- 
forms into the infinite sum in Proposition 3.4.2. 

Now we present an explicit computation of the extended characteristic 
function. One way of writing Va is 

Va = span{{Vi - Ai)h :ieA,hen}. 

Let 4 := {Vi - Ai)h. Then 

di = W{Vi - Ai)h = ViCh - CAih. 

Case I: Take h = Vty^. 

ViCn-H = Vil =uJi® [eo ® (1 - U)U\)eii 
CAi fln = uJi®^e^® D,A*Ji 
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and thus 

^ dn^ = Co ® [(1 - - DJi] - Ca D*A*Ji 

\a\>l 

= eo ® [ei - ^uJjUJiej - ^{Ij, li)ej] - e„ O "^{Ij, Kh)ej 

j j |«|>i j 

= Co (8) [ei - ^{ujjUJi + {Ij, li))ej] - ^ O ^{Ajj, li)ej 
j H>i j 

= eo ® [ei - - ^" ® (^-^^^ 

J |a|>l 3 

Case II: Now let heU- With z e A 

Vi Ch = (Lj (g) l)C'/i = ^ ei (8) ea (g) D*Xxh, 

a 

CAih = ^6/3® b^A*^Aih. 

Finally 

a P 

= -eo^b^Aih+d^Y^ ea®b^Al{i-A*Ai)h+Y^ cj^Y^ e„®I)*A* (-A*Aj)/i 

d 

= -eo«)-C>*li/i + ^ej ® ^ea«)-D*A2((5jil -A*Ai)^- (3-12) 

3.5 Case II is Popescu's characteristic func- 
tion 

In this section we show that case II in the previous section can be identi- 

o 

fied with the characteristic function of the *-stable tuple A, in the sense 
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introduced by Popescu in |Po89b] . This is the reason why we have called 

o 

6 an extended characteristic function. All information about A beyond A 
must be contained in case I. 

First recall the theory of characteristic functions for row contractions, 
as developed by G. Popescu in |Po89b] . generalizing the theory of B. Sz.- 
Nagy and C. Foias (cf. jNF70] ) for single contractions. We only need the 

° o o O 

results about a *-stable tuple A= {Ai, . . . ,Ad) on TY- In this case, with 
b* = (1- AA*)^ : H-^H and V* its range, the map 

C:n^T{C'^)0V. (3.13) 
h ^ J^e„® A^h 

O ° ° 1 

is an isometry (Popescu's Poisson kernel). If, as usual, D = (1— A*A)^ : 
0^ H-^ ©1 H, with V its range, and if Pj is the projection onto the j-th 

o 

component, then the characteristic function 6^ of A can be defined as 

: r(C'^)® V, (3.14) 

d d 

See |Po89bj for details, in particular for the important result that 9 ^ char- 

o 

acterizes the *-stable tuple A up to unitary equivalence. 

Now consider again the tuple A of the previous section, with extended 
characteristic function 9. From equation 3.1 

. _ , A _ ( 
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and hence 

A-A* = ( ''^''^ ^^'^'^ 
' V 1^^^^) \li){li\+AiA* 

Recall that — 1 — '^^AiA* which is as A is coisometric. Thus 
^•tJi/j = and 1 — Y^i^iA* = \ The first equation means that 



o o 



Ah^in) cn and that 

{V^h, Q-p) = (^{^i: h)€i,^u;j€j) = (^uJiii, h) = 0, 

i j i 

which we already know (see 3.10). 
The second equation yields 

i i 

o o 

Lemma 3.5.1. There exists an isometry 7 -.V* — T)^ defined for 
h en as 

D* 2_^{li, h)ei = D^h. 

i 

Proof. Take h eTi ■ By Lemma 3.4.1 we have D^{h) — h)ei. Now 

we can compute 

2 

IP*^ir = {J2^h,h)ei,J2{lj,h)ej) = Y.^h,k){k,h) = {h, h) = \\ L h\\' 

i j i 

o ^ 

Hence 7 : D* h ^-^ D^h is isometric. □ 

Theorem 3.5.2. Let A = (Ai, ■ ■ • , Aj), A^ e B{H), be an ergodic coiso- 
metric tuple with A*^'^ = cJifl-H for some unit vector fin e Ti. and some 
Lo E C^, \uji\'^ — 1. Let 9 he the eoctended characteristic function of 
A and let 9 ^ he the characteristic function of the (*-stahle) tuple A. For 
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h en 

o ^ 

^ D* h — D^h, 
{l®l)Ch = Ch, 

In other words, the part of 9 described by case II in the previous section 
is equivalent to 9^. 

Proof. We only have to use Lemma 3.5.1 and compare Proposition 3.4.2 
and equation 3.13 as well as equations 3.12 and 3.14. For the latter note 

o 

that d\—D (0, . . . , 0, /i, . . . , 0), where h is embedded at the i-th position. 
Hence 

7^A,P,4 = 7^1,P, I)(0,...,0,/i,0...,0) = 7iD(0,...,0,/i,0..^ 

j 3 

= 7 D^A (0, . . . , 0, /i, . . . , 0) = l^/i 

and also 

bdl = Pjb (0, . . . , 0, /i, . . . , 0) = {6jd - A*Ai)h. 

□ 

Of course, Theorem 3.5.2 explains why we have called 9 an extended 
characteristic function. 

3.6 The extended characteristic function is 
a complete unitary invariant 

In this section we prove that the extended characteristic function is a 
complete invariant with respect to unitary equivalence for the row con- 
tractions investigated in this paper. Suppose that A — {Ai,...,A^ 
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and B — {Bi, . . . , B^) are ergodic and coisometric row contractions on 
Hilbert spaces Ha and Hb such that A*Qa — i^i^A and B*Qb — (^i^s 
for i = l,...,d, where e Ha and D,b & Hb are unit vectors and 
Lu — {cui, . . . , cud) is a tuple of complex numbers. Recall from Remark 
3.2.2 that it is no serious restriction of generality to assume that it is the 
same tuple of complex numbers in both cases because this can always be 
achieved by a transformation with a unitary d x d— matrix (with scalar 
entries). We will use all the notations introduced earlier with subscripts 
A or B. 

Let us say that the extended characteristic functions 9a and 9b are 
equivalent if there exists a unitary V : T>a T>b such that 9a — 9b V. 
Note that the ranges of 9a and 9b are both contained in r(C'^) (g) 
and thus this definition makes sense. Let us further say that A and B 
are unitarily equivalent if there exists a unitary U : Ha — Hb such that 
U Ai — BiU ior i — 1, . . . , d. By ergodicity the unit eigenvector Qa (resp. 
Jlfi) is determined up to an unimodular constant (see Theorem 3.1.1(b)) 
and hence in the case of unitary equivalence we can always modify U to 
satisfy additionally U ft a — ^b- 

Theorem 3.6.1. The extended characteristic functions 9a and 9b are 
equivalent if and only if A and 5 are unitarily equivalent. 

Proof. If A and B are unitarily equivalent then all constructions differ 
only by naming and it follows that 9a and 9b are equivalent. Conversely, 
assume that there is a unitary V : T>a T>b such that 9a — 9b V. Now 
from the commuting diagram 3.5 and the definitions following it 

WbHb = C®{TiC'')(g)V^)eM^^{T{C'')(g)VB) 

= c © (r(C'^) (g) vj) e (r(C'') ® v Va) 
= c © (r(C'^) v^) © (r(C'^) ® Va) 

= WaHa, 
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where we used equation 3.8, i.e., M^lLi ® Id) = {Li (g) 1d^)Mq, VI < 
i < d,to deduce Mq^ = Mq^{1 (g) V) from 9a = Ob V. Now we define the 
unitary U by 

U ■.= W^'WA\nA-'HA^nB. 

Because W^^a = 1 = Wb^b we have U Qa = ^b- Further for all 
i = 1, . . . ,d and h G Ha, 

UA, h = W^' WAAh = W^' WaPh^ V^h = P-HsWb' Wa V^^/i 

= PhsWb' V, WAh = Pn.Vf W^' WaH = Uh, 
i.e., A and 5 are unitarily equivalent. □ 

Remark 3.6.2. An analogous result for completely non-coisometric tuples 
has been shown by G. Popescu in lPo89bf . Theorem 3.5.4- 

Note further that if we change A = {Ai, . . . , Ad) into A = {A[, . . . , A'^) 
by applying a unitary d x d— matrix with scalar entries (as described in 
Remark 3.2.2), then 9a = 9a'. In fact, this follows immediately from the 
definition of W as an intertwiner in Section 3.3, from which it is evident 
that W does not change if we take the same linear combinations on the 
left and on the right. This does not contradict Theorem 3.6.1 because ui 
and LJ/ are now different tuples of eigenvalues and Theorem 3.6.1 is only 
applicable when the same tuple of eigenvalues is used for A and B_. 

For another interpretation, let Z he a normal, unital, ergodic, com- 
pletely positive map with an invariant vector state (^2^, ■ ^a)- If we con- 
sider two minimal Kraus decompositions of Z, i.e., 

d d 

Z = J2A-A: = Y,A'r{A[)*, 

i=l 1=1 

with d minimal, then the tuples A = {Ai, . . . , Aa) into A' = {A'l, . . . , A'^) 



are related in the way considered above (see for example |Go04 ] . A. 2) 
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It follows that 9a = Oa' does not depend on the decomposition but can 
be associated to Z itself. Hence we have the following reformulation of 
Theorem 3.6.1. 

Corollary 3.6.3. Let Zi, Z2 be normal, unital, ergodic, completely pos- 
itive maps on B{Ti.i), B(Ti.2) with invariant vector states and 
{Q2, ■ ^2) ■ Then the associated extended characteristic functions §1 and §2 
are equivalent if and only if Zi and Z2 are conjugate, i.e., there exists a 
unitary U : Hi ^ 0.2 such that 

Zi{x) = U*Z2{UxU*)U for all x E BiUi). 



3.7 Example 

The following example illustrates some of the constructions in this paper. 
Consider 7i = and 
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Then Y^i=i A-iA* = 1. Take the unital completely positive map Z : M3 — *• 
M3 by Z{x) = YlLi^-ixA*. It is shown in Section 3.5 of |GKL06] (and 
not difficult to verify directly) that this map is ergodic. We will use 
the same notations here as in previous sections. Observe that the vector 
Qt-c := 1, 1)^ gives an invariant vector state for Z as 

1 ^ 
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o 

A*fl-}i = -^^n and hence lj = ^(1,1). The orthogonal complement H of 

o 

Crin in and the orthogonal projection Q onto are given by 



n={ 



( h \ 

\ -{h + k2) ) 



From this we get for Ai = QAiQ = AiQ 
/ \ 



3^2 



2 -1 -1 
V-2 1 1 / 



3^2 



/ 2 -1 -1\ 
-1 2 -1 

V -1 -1 2 ; 



/ 1 1-2 
-1 -1 2 
\ 



We notice that the tuple A— {Ai, A2) is *-stable as (by induction) 

(n — > 00). 



\a\=n 



1 



3x2 



n-l 



1 -1 \ 
-1 2 -1 
0-11/ 



Here V = and p:= P e Cil-p with fip = ^(1, 1)^. Easy calculation 

-s o o 

shows that : Ti^V is given by 



/ k, \ 

k2 

V -{ki + k2) J 



{2ki + k2) 



Moreover 



/I -i\ 

000 
V-i 1 / 



o o 



. There exists an isometry 7 : D*— >P 



such that 



/ 1 \ 



V-iy 



-1 



and ^{D* h) = D^h for h EH- 
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The map C : H ^ r(C"') ® is given by C{fln) = 1 and for h en 



by 



C 



Co ® 



(2h + K 



X 



\ / a,ai=2 ^ 



1 x|d(^l-^2) / -1 



x/6 



1 



where the summations are taken over aU 7^ a G A such that ctj ^ ai+i 
for all 1 < i < |q;| and fixing «i to 1 or 2 as indicated. This simplification 
occurs because = for i = 1,2. All the summations below in this 
section are also of the same kind. 

Now using the equations 3.11 and 3.12 for 9a '■ T)a r(C'^) ® Vi_^ and 
simplifying we get 



-eo » - 
6 



a,ai=2 



V2 6 \ 1 



and for h GTY, 



2V3 \ 1 

1 ,|,| (A:i + 2A;2) 



+ ei 



{ki + k2) 
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a/6 



ei (g) 

a,ai=l 



ei (g) Ca 



-1 



Q,ai=2 



V2 Vq \ 1 



-1 



cx,Oii=2 



V2 2V3 V 1 
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9Adl 



-eo 



+62 



(fci + fca) 
k^f -1 

Vq \ 1 



\ / Q,ai=l * 

f E ^2 ® 



(fcl + k2 

2^3 



a, 01=1 



V2 Vq\ 1 



+ E 62 <X> e 

a, 01=2 



Form this we can easily obtain C and for h G7Y by using the fol- 
lowing relations from Theorem 3.5.2, 

(1®7) Ch = Ch, 



Further 



2V3 



( \ 

-1 



1 



/ -1 \ 



V 1 / 




and clearly Ji= spanjAaZj : i = 1, 2 and a G A}, as 



V 1 / 

already observed in Remark 3.1. 



3.8 Appendix 



Here for *-stable T we generalize the computation of |Go06] to tuples. 
The following result (together with the results in Section 3.1) made us to 
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ask and investigate the relation between Popescu's characteristic function 
and ergodic tuples. Let 

where T>a — { * ' ^ ^ given by 

^ V ii\a\^k 

h®{^ea®da) ^ {^Tih + D,{^ da)} ea(S)da+ ^ ea 

aeA » \a\=k \a\<k \a\=k 

®{D{h, ...,h)- {T^da, . . . , T*da)} + J] e„ ® da] 

\a\>k 

Let us use the presentation of the minimal isometric dilation given by 
Popescu on 7Y© (r(C'^) First consider the isometry U := ^ Yli=i ^• 

d^ U''{h®^es(S>ds) 

<5eA 

k-l 

\a\=k i=0 \0\=i |7|=fc-l-i |7|=fc-l-i 

+ ^ (8) ^ es ® ds = Rq . . . Rk-i{h © ^ ® ^ es ® ds). 

\e\=k SeA \e\=k SeA 

We conclude that = Rq . . . R^-i {in ®{L0 1))^ with L := ^ Yfi=i Li, 
i.e., the product of i?i's is a kind of cocycle relating the isometrics U and L. 

On the other hand we can use the product of adjoints to factorize the 
unitary W corresponding to the characteristic function. Note that 

aeA * « \a\=k \a\<k 

+ ^ Cq (8) {D^h - Y TiPida) + eg dg), 

|a|=A; j |q;|>A; 
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\l3\=k \P\=k-l i i |/3|=fc-l 

i 

+ E ® { E ^*^7 ^ + E ^*^^^^o -EE ^^^'^-^^ 

1^1=1 |7|=1 i |7|=1 i 

+ ...+ ^ e;3®{ D,T;h+ J2 D,Y,T;p^Ddo + ... 

\0\=k-l l7l=fc-l |7|=fe-2 i 

- E YTiPid^}+ E ^oc®da]. 
|7|=d-l i |a|>A;-l 

Now the first bracket {■} converges to for k ^ oo, and a comparison of 
the second bracket [■] with Proposition 3.3.1 shows that 

W=\im Rl_,...K, 

fe— >oo 

which is analogous to the product formula for w in Theorem 3.1.1. 
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Chapter 4 

Characteristic Functions of 
Liftings 

Abstract: We introduce characteristic functions for certain contractive 
liftings of row contractions. These are multi- analytic operators which clas- 
sify the liftings up to unitary equivalence and provide a kind of functional 
model. The most important cases are subisometric and coisometric lift- 
ings. We also identify the most general setting which we call reduced 
liftings. We derive properties of these new characteristic functions and 
discuss the relation to Popescu's definition of the characteristic function 
for completely non- coisometric row contractions. Finally we apply our 
theory to completely positive maps and prove a one-to-one correspondence 
between the fixed point sets of completely positive maps related to each 
other by a subisometric lifting. 



Joint work with Rolf Gohm, accepted in Journal of Operator Theory. 
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Introduction 

Let C be a contraction on a Hilbert space Tic- Then a contraction E on 
a Hilbert space Ti-E ^ Tic is called a contractive lifting of C if PE = CP, 
where P is the orthogonal projection from He onto Tic- In other words, 
we have an operator matrix 



See Chapter 5 of |FF90] . In this book C. Foias and A.E. Frazho amply 
demonstrate the importance of understanding the structure of contractive 
liftings, in particular in connection with the commutant lifting theorem 
and its applications. 

The minimal isometric dilation (mid for short) of C is the most promi- 
nent example of a contractive lifting. In |DF84] R.G. Douglas and C. Foias 
introduced subisometric dilations (see also Chapter 8.3 of |Ber88] for a dis- 
cussion closer to our point of view). These are contractive liftings with the 
property that the mid of E is also minimal as an isometric dilation of C. 
In this context Douglas and Foias were especially interested in problems 
of uniqueness and of commutant lifting. We arrived at the subisometric 
property in a completely different way and ask different questions about 
it. Let us briefly describe the most relevant aspects of this development. 

Many results of the Sz.-Nagy/Foias-theory for contractions |NF70j can 
be generalized to row contractions C_ = (Ci, . . . , Cd), i.e. tuples of oper- 
ators such that Yl'i=i ^i^i — 1- This has been done very systemati- 
cally by G. Popescu starting with |Po89aj and many people contributed 
to this development, an incomplete list of work related to our interests is 
|X?98l IBBDn4[ IBDZn6l IBESOSl IDKSnil IPo89b[ [PM TqQE\- In partic- 
ular in |Po89b] G. Popescu described a class of multi-analytic operators 
which classify completely non-coisometric (c.n.c.) row contractions up to 




(4.1) 
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unitary equivalence and called them characteristic functions, in analogy 
to a similar concept in the Sz.-Nagy/Foias-theory. In |DG07aj S. Dey and 
R. Gohm started from some seemingly unrelated questions in noncommu- 
tative probability theory arising in |Go04l IGKL06] and established a class 
of multi-analytic operators which are associated to certain rather special 
coisometric row contractions (i.e., Yl'i=i^i^i — Investigating their 
properties we came to the conclusion that there are good reasons to think 
of them as of characteristic functions for these tuples. This is not covered 
by Popescu's theory. 

In this paper we will show that it is the property of being a subi- 
sometric lifting which makes this analysis possible. This is a vast gen- 
eralization of the setting of jPGOTaj and it clarifies the mechanism be- 
hind it. It is straightforward to define liftings for row contractions. Let 
E_ = {El, . . . , Ed) be a row contraction on a Hilbert space He ^ He- If 
for alH = 1, . . . ,d (with d countable) we have an operator matrix 



with respect to TCc®'Hq then we say that ^ is a lifting oiC_= (Ci, . . . , Cd) 
hj A = [Ai , . . . , Ad) (or that E_ is an extension of Ahj C_). The subisomet- 
ric property in the form given here also makes sense for row contractions, 
using Popescu's theory of mid for row contractions [Po89aj . This is worked 
out in Section 4.1 below. It then turns out that there is a Beurling-type 
classification of subisometric liftings, involving a correspondence to cer- 
tain multi-analytic inner operators (Theorem 4.1.6). They classify subi- 
sometric liftings up to unitary equivalence, so we call them characteristic 
functions of (subisometric) liftings. 

In Section 4.2 we focus on coisometric liftings, i.e. -E'i-E'* = 1, 

emphasizing another type of classification which uses an isometry 7 map- 
ping the defect space 'D^: A of A into the defect space Vq of C_ (Theorem 




(4.2) 
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4.2.1). The connection to Section 4.1 lies in the fact that coisometric lift- 
ings by *— stable A are subisometric (Proposition 4.2.3). But this is only 
a special case and we have to generalize further. 

This is done in Section 4.3. We get a hint from a result about con- 
tractive liftings for single contractions. Lemma 2.1 in Chap. IV of |FF90j 

states that E = i j is a contraction if and only if C and A are 

[b a) 

contractions and there exists a contraction 7 : V^^a T^c such that 

B = D,,Al*Dc, (4.3) 

where D*,a and Dc are the defect operators of A* and C. We establish 
an analogous result for row contractions (Proposition 4.3.1). This shows 
that the isometry 7 occurring for coisometric liftings in Section 4.2 has to 
be replaced in a more general setting by a contraction. 

The most general situation where we can establish a satisfactory the- 
ory of characteristic functions for liftings is identified in Section 4.3 and 
we call such liftings reduced. The technical tool here is to use the Wold 
decomposition for the mid's. For 7 we isolate the special property needed 
and call it resolving. Reduced liftings include subisometric liftings as well 
as coisometric liftings by c.n.c. row contractions. We define characteris- 
tic functions for reduced liftings (Definition 4.3.6) and we argue that this 
is the most general setting which is natural for that. These characteris- 
tic functions are multi-analytic operators (not inner in general) and they 
characterize reduced liftings up to unitary equivalence. They also provide 
a kind of functional model for the lifting which is useful for a closer investi- 
gation of the structure of the lifting in the same sense as the characteristic 
functions of Sz.-Nagy/Foias and of Popescu are useful in their context. 

In Section 4.4 we study some further properties of these characteristic 
functions. In particular we clarify the connection to Popescu's character- 
istic functions and we investigate iterated liftings, showing a factorization 
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result for our characteristic functions (Theorem 4.4.1). This is another 
indication that our definition leads to a promising theory. 

We believe that in particular the theory of subisometric liftings may be 
even more interesting for row contractions than it is for single contractions. 
There is a straightforward way to transfer results from a row contraction 
C_ = (Ci, . . . , Cd) to the completely positive map '■ X i— > Yl!i=i CiXC*. 
This topic is taken up in Section 4.5. We define characteristic functions 
for liftings of completely positive maps and show in which way they are 
characteristic in this case (Corollary 4.5.2). We investigate what subiso- 
metric lifting means in this context and prove a one-to-one correspondence 
between the fixed point sets (Theorem 4.5.4). In particular we consider 
the situation where a normal invariant state is restricted to its support 
(Corollary 4.5.6). From our point of view these applications give a strong 
motivation for further developing the theory of liftings for row contrac- 
tions. 

In an Appendix we reprove a commutant lifting theorem by O. Bratteli, 
P. Jorgensen, A. Kishimoto and R.F.Werner [BJKWOO] . used in Section 
4.5, in a way that helps to understand its role in our theory. 

4.1 Subisometric liftings 

In this section we define subisometric liftings in the setting of row contrac- 
tions and show that there is a nice Beurling-type classification for them. 

We recall the notion of a minimal isometric dilation for a row con- 
traction, cf. |Po89a] . Let T = (Ti, ■ ■ ■ ,Td) be a row contraction on a 
Hilbert space Ti. Treating T as an operator from 0f^j^7Y to 7i, define 

■= {l-TT*)l : H ^ H 8.nd D := (1 -T*T)i : 0ti^ ^ ©ti ^- 
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This implies that 



d 



D, = il~J2^,T:f^, D = i6,,l-T*T,)i 



dxd 



(4.4) 



i=l 



Let V^, := range D^, and V := range D. 

We use the following multi-index notation. Let A denote the set 
{1,2,..., 4 and A := U^^q^", where A^ := {0}. If a G A" C A the 
integer n = \a\ is called its length. Now with a = (ai, ■ ■ ■ , a„) G A" 
means T^^T^^ ■■■Ta„- 

The full Fock space over C"' {d > 2) denoted by r(C'^) is 



To simplify notation we shall often only write F instead of F(C'^). The 
vector Co := 1 © © ■ ■ ■ is called the vacuum vector. Let ei, . . . , be 
the standard orthonormal basis of C^. We include c? = oo in which case 
stands for a complex separable Hilbert space of infinite dimension. 
For a G A", will denote the vector e^^ ® © ■ ■ • © ea„ in the full 
Fock space F. Then over all a G A forms an orthonormal basis of the 
full Fock space. The (left) creation operators Li on F(C'^) are defined by 
LiX = Cj © X for 1 < i < d and x G F(C'^). Then L = (Li, . . . , Ld) is a row 
isometry, i.e., the Lj are isometries with orthogonal ranges. 

Using the definition of lifting in the introduction a minimal isometric 
dilation (mid for short) can be described as an isometric lifting K of T 
such that the spaces VaH with a G A together span the Hilbert space 
on which the Vi are defined. It is an important fact, which we shall use 
repeatedly, that such minimal isometric dilations are unique up to unitary 
equivalence (cf. [Po89aj ). A useful model for the mid is given by a version 
of the Schaffer construction, given in [Po89aj . Namely, we can realize a 



F(C<^) := C © © {C^f © ■ ■ ■ © (C'^)®'" © ■ ■ ■ . 



(4.5) 
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mid l£ of T on the Hilbert space n:=n®{T^V), 

Vi{h © ^ ® = Tih © [eo © A/^ + © ^ © d^] (4.6) 



for h & Ti. and da € P. Here Z^j/i := D{0, . . . ,0, h,0, . . . ,0) and /i is 
embedded at the i^^ component. 

If we have more than one row contraction at the same time then we 
shall use the above notations with superscripts or subscripts, as conve- 
nient. We are now ready for the basic definition in this section. 

Definition 4.1.1. Let C_ = (Ci, ■ ■ ■ , Cd) be a row contraction on a Hilbert 
space Tic- A lifting E_ of CI on T-Ce D 'He is called subisometric if the 
corresponding raids (on the Hilbert space 'He) (ind (on the Hilbert 
space H,c ) are unitarily equivalent, in the sense that there exists a unitary 
W ■.'He-^'Hc such that W\nc = l^c (^rid WVf = VfW. 

For d = 1 this is consistent with the definition of subisometric dilation 
in [DF84j , see the discussion in the introduction. Note that the mid is 
an example of a subisometric lifting in this sense. Another (trivial) exam- 
ple is C_ itself (considered as a lifting of C_). Further note that, given the 
mids and , the unitary W is uniquely determined by its properties 
(use the minimality of V^). 

We want to make the structure of subisometric liftings more explicit. 
Let E_ = {El, . . . , Ed) be a subisometric lifting oi C_ = (Ci, ■ ■ ■ , Cd) on 
H.E = H.C © H.A as in Definition 4.1.1, so that for all z = 1, . . . , ci we have 
block matrices 




(4.7) 



Let V_ be the mid of C, realized as in fl4.6p on the space iic = "He © (F © 
Vq)- Because H.e = H.c © H.a C He we can use the unitary W from the 
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subisometric lifting property to obtain a subspace Ha* '■= WHa C T^Vc- 
Further He* '■= He © Ha* C Hq, and V_^ is also a mid of the row 
contraction E_^ which is transferred by W from the unitarily equivalent 
original E_. We can write 




Ei*=\ ' ^ (4.8) 



so E^ is also a lifting of C_. 

Because Vf^' is a mid of E^ it follows that He* is coinvariant for Vf^ 
(by which we mean that it is invariant for all (Vf)*, i = 1, . . . ,d). Note 
that 

Vf^ Ir^T,^ = Li®l. (4.9) 

Hence L 1 is an isometric lifting of A^, in particular Ha* is coinvariant 
for L 1 . An isometric lifting always contains the mid. In particular the 
mid of A^ lives on the space span{{La (S> 1)Ha*, a £ A}. This subspace is 
reducing for the Lj ® 1 for alH = 1, . . . ,d and hence has the form T ® S 
for a subspace £ of Vc, see for example Cor. 1.7 of }Po05] . where it is done 
in a more general setting. In this reference the space S is described as the 
closure of the image of Ha* under the orthogonal projection onto eo^Vc- 
We can obtain a more concrete formula for S by comparing this result 
with another way of writing the mid. First note that, as a compression of 
L (g) 1 , the row contraction A^ (and hence also A) is *-stable, i.e., for all 
he Ha 

hm V \\Alhf = , (4.10) 

n—>oo ' ' 
\a\=n 



cf. |Po89aj . Prop. 2. 3 (where it is called pure). In this case, with D^, a = 
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(1 — A A *) 2 : Ha 'Ha and T>^:^a its closed range, the map 



Ha^T^ V,,a 
/i t-^ ^ ® D^^aA*Ji 



(4.11) 



is isometric (Popescu's Poisson kernel, cf. jPo03j ). With this embedding 
of TIa it can be checked that now L ®1 on F ® is a mid of A. 

Because mids are unique up to unitary equivalence we have a unitary 
u : V ® V^ A T ® £ such that uTIa = 'Ha* and u{Li ® 1) = (Lj ® l)u 
for all i = 1,. . . ,d. The commutation relation implies that u is of the 
form 1 (g) u', where u' is a unitary from T'*,^ onto S (you may use the fact 
that Co ® I^*,^ respectively eo ® are the uniquely determined wandering 
subspaces). Thinking of u' as an isometry from V^: A into Vq we call it 7. 
So 7 : T>^:^A T^c has S as its range and it is canonically associated to a 
subisometric lifting in the way shown above. 

Using 7 we see that the embedding of H.a into F Vc is automatically 
of Poisson kernel type (14.111) . namely 



which is an explicit formula for the embedding Wln^ • Ha — ^ Ha* C 

Note also that the isometry 7 is closely related to the 5-part of the 
lifting K In fact, because E*^ = {Vf^YlnE, we obtain 5*, = pciVf)*pA*, 
where pcPA* are the orthogonal projections onto He, Ha*- Combining 
this with (USD and KW) yields B* = D*c-fD^^A : 'Ha ^ He, i = 
1, . . . ,d. Or in a more compact form 



'c 



(4.12) 



B* = D*c-fD,,A. 



(4.13) 
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Proposition 4.1.2. A lifting E_ of a row contraction C_ with 






Bi Ai 



) 



2 = 



l,...,ci, 



is suhisometric if and only if A is *-stable and B_ = D^^a1*Dc with an 
isometry 7 : D^k^a — ^ l^c- 

Proof. We have already seen above that if E_ is subisometric then the 
conditions are satisfied. Conversely, if A is *-stable then use the isometry 
7 to embed A (as A^) and its mid into F C?> "Pc as in (14.121) . Then the 
formula for S (or (I4.13P ) combined with (14. 6 p for C_ shows that V_'^ is a 
mid for E_^^ which is unitarily equivalent to E_. (Clearly V_'" is minimal for 
E^ because it is already minimal for C.) Hence E_ is subisometric. □ 

Remark 4.1.3. This is consistent with the results for d = 1 in J^DF8^ 
which we mentioned in the introduction. 7 unitary corresponds to what 
Douglas and Foias call a minimal subisometric dilation. We have no rea- 
son for imposing this condition and continue to consider general subiso- 
metric liftings. Compare also Chapter 8.3 of lBer88^ . 

Classifying subisometric liftings becomes especially transparent by fo- 
cusing on the invariant subspace associated to it. 

Definition 4.1.4. Let E_ on He = 'He © Ha be a subisometric lifting of 
C_ on He, notation as in Definition 4-LL Then we call 



the invariant subspace associated to the subisometric lifting. Clearly Af is 
invariant for Li ® 1, i = 1, . . . ,d. 

We can go the way back. Let C_ on He be a row contraction. If 
A/" C r eg) T>c is a subspace which is invariant for all Lj (8> 1, i = 1, . . . ,d 



X:={T(g) Vc) e WHa 



(4.14) 
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then we can define 

nA*:=(r^Vc)eAf (4.15) 

n,:=Hc®nA* (4.16) 

On He © (r ® "Dc;) we have the mid of C_, as in fl4.6p . so we can further 
define 

= {Eu, ■ ■ I Ed*), Ei* := Pn*yi^\HE, • ^E* (4-17) 
Then is a row contraction and 




(4.18) 



with respect to the decomposition TIe* '■= He © Ha*, i.e., E_^ is a hfting 
of C_. Then is a mid of (minimal because it is aheady minimal for 
CI). Hence we have constructed a subisometric hfting. We are back in the 
setting of Proposition 4.1.2. 

These considerations suggest a classification of subisometric liftings 
along a Beurling type theorem for the associated invariant subspaces. It 
is instructive to introduce the generalized inner functions occurring here 
directly from the definition of subisometric lifting. 

So let ^ be a subisometric lifting of C_. Then the mids of E_ and 

of C are connected by the unitary 

W : He = He ® {T ^Ve) ^ He = nc ® {T (g) Vc) (4.19) 

such that W\nc = ^\hc ^^"^ WVf' = VfW for z = 1, . . . , rf. If we define 
the isometry 



Mc,E ■■= W\r^vE 



(4.20) 
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then from (14.61) and (I4.19p we obtain 

Mc,E{L^ ® 1e) = {Li ® lc)Mc,E (4.21) 

which means that Mc^e '■ T (S> T>e F Vc is a multi- analytic inner 
operator determined by its symbol 

QCE -.Ve^T^Vc, Qce = W\e,^VE. (4.22) 

according to the terminology introduced in |Po89b] . Obviously this is 
nothing but the multi-analytic inner operator corresponding to the invari- 
ant subspace J\f, in fact it is easy to check that 

^^=Mc,Ei'^0VE), (4.23) 



compare the Beurling type theorem in |Po89b] . Our new insight is that it 



is connected to the subisometric lifting E_ of C_. 

Definition 4.1.5. We call Mc^e (or Qc,e) the characteristic function of 
the subisometric lifting E_ of C_. 

It is not difficult to check that two multi- analytic inner operators M : 
T ®V -^T ®£ a.n<l M' -.T ®V' ®£ with symbols 0, 9' describe the 
same invariant subspace if and only if there exists a unitary v : T) ^ V 
such that O = Q'v. Let us call multi-analytic functions equivalent if they 
are related in this way. We are ready for our classification result. 

Theorem 4.1.6. Let C_ = (Ci, . . . , Cd) be a row contraction on a Hilbert 
space Tic- Then there is a one-to-one correspondence between 

(a) unitary equivalence classes of subisometric liftings E_ of Q, 



(b) L 1 -invariant subspaces A/" o/ F ® Vc, 
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(c) multi- analytic inner operators M with symbols Q : V ^ T ® Vc up 
to equivalence. 

The correspondence is described above. In particular if E_ is the lifting then 
T> = T>E, M = Mc,E with symbol = Qc,e o-nd (b) ^ (c) is Beurling's 
theorem. 

Theorem 4.1.6 shows that the characteristic function of a subisometric 
hfting characterizes the hfting up to unitary equivalence, justifying to call 
it characteristic. 

Proof, (b) ^ (c) is Beurling's theorem, see |Po89b] . We now show that the 
correspondence (a) (c) is well defined. Let E_on He 3 He and on 
He' ^ He be two subisometric liftings of C_ which are unitarily equivalent, 
i.e., there exists a unitary u : He — > He' such that u\nc = ^-nd 
E'^u = uEi for i = 1, . . . ,d. Clearly unitarily equivalent row contractions 
have unitarily equivalent mids and we can extend u (in a trivial way) to 
a unitary u between the spaces He and He' of the mids V_^ and V_^ , so 
we have 

u : He ^ He' unitary, mI-?^^ = u, Vf' u = uVf {i = 1, . . . ,d) 
Because E_, E^ are subisometric we also have unitaries W, W such that 

W:He^Hc, Vf'W = WVf, W\nc = l\nc 
W':He'^Hc, V^W' = W'Vf, W'\nc = -y\nc 

If we now define 

uc := WnW -Hc^Hc 
then it follows that uc commutes with the Vf for i = 1, . . . , To see 
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that, "chase" the following commuting diagram 



UC 




(4.24) 



Further, because W, W and u all fix Tic pointwise the same is true for uc, 
so we have also uc\nc ~ Mhc- But by minimality of V_^ we know that Tic 
is the closed linear span of vectors of the form V^h with a E A, h E Tic 
and from 



ucV^h = V^uch = V^h 



rCl 



we infer that uc = 1- Hence W = {uc)*W'u = W'u. Clearly u maps 
Co 'De C He onto cq ^ "Pe" C He', so if we define the unitary v : = 
■"li^B • T^E T^E' and use that = W\dj^ and 6' = W'\t>j^, we see that 
6 = Q'v, i.e., the characteristic functions are equivalent. 

Conversely suppose that we are given a mult i- analytic inner operator 
with symbol © : P — > r<SiT>c, as in (c). By (b) ^ (c) (Beurling's theorem) 
we have an invariant subspace J\f which is associated to a subisometric 
lifting EoiC_ and T> — Ve, see the discussion preceding the theorem. It 
remains to show that if © = Q'v with a unitary v : T>e — > T>e' for two 
subisometric hftings E^ and ^ then E^ and E^ are unitarily equivalent. 
Let W, W be the corresponding unitaries from the subisometric hfting 
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property. Then 

w'He' = nc(B{r^ Vc) e w\t ® Ve') 
= Tic e (r T>c) e Mc,e' (r ® t;©^) 

and we can define 

U:= (w'ywin^-.HE-^nE'. 

Because for h e He, Wh — h — W'h we have Uh — h. In general 
for /i e and i — l,...,d (with Pe,Pe' orthogonal projections onto 
Ti-E, Ti-E') 

uEi h = {wy wEih = {wy wpe vf h = {wy W Vf h 

= PE' {Wy Vf^Wh^ PE' vf {Wy Wh^E^Uh, 
i.e., E and E^ are unitarily equivalent. □ 

There is an interesting variant of the classification if we not only give 
Q but also A, i.e., if we consider liftings of Q by A. 

Theorem 4.1.7. Let A and C be row contractions, A *-stable. There is 
a one-to-one correspondence between 

(a) unitary equivalence classes of subisometric liftings of Q by A 

(b) equivalence classes of isometrics 7 : V^^a —>■ L)c, two isometrics 
considered equivalent if they have the same range 

Proof. The details of this correspondence have already been discussed in 
connection with Proposition 4.1.2. It is shown there how to construct 
an isometry 7 : V^ a T^c if ^ subisometric lifting of C by A is given, 
and conversely, how to use such an isometry to find a subisometric lifting. 
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The equivalence in (b) is chosen in such a way that two isometries are 
equivalent if and only if the associated invariant subspaces are the same, 
compare (4.12) and (4.14). Hence the result follows from Theorem 4.1.6. 
□ 

Corollary 4.1.8. Let A and C_ be row contractions, A *-stable. A suhi- 
sometric lifting of C_ by A exists if and only if 



where dim stands for the cardinality of an orthonormal basis. In the case 
dimV^^A = dirnDc (minimal subisometric dilation in the terminology of 



4.2 Coisometric liftings 

The theory of subisometric liftings turns out to be especially relevant in 
the case of coisometric row contractions and coisometric liftings. We start 
with definitions and elementary properties. 

A row contraction C_ on Tii is called coisometric if C_Cr = 1, i.e., 
SiLi CiC* = 1. It is easy to check that a lifting E_oiaTi. = Tic © TIa with 
block matrices 



(for alH = 1, . . . , c?) is coisometric if and only if C_ is coisometric and 



dimV^^A < dimVc, 



IDF84V the lifting is unique up to unitary equivalence. 




d 



BC* = 




(4.25) 



i=l 



d 



d 



A A* + BB* = 1, 




(4.26) 



i=l 



i=l 
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Theorem 4.2.1. Let A and C_ be row contractions, Q coisometric. Then 
there is a one-to-one correspondence between 

(a) coisometric liftings E of Q by A 

(b) isometrics 7 : V^^a — ^ T^c 



lifting E_ ofC_ by A then 7 : D^Ah ^ B^h C T>c (fork e V-a) is isometric. 
Conversely, if 7 : V^ a T^c is isometric then with :— jD^^a we 



Proof. Because C is coisometric, Dc = 1 — C*C is the orthogonal projec- 
tion onto the kernel of C. 



Let Ehe a, coisometric lifting of C by A. Then from (4.25) we have 
CB * = (BC*)* = and hence range{B*) C Vc- 
Further for h e Ha, using (4.26) 

\\D*,Ahf = ((1 - AA*)h, h) = {BB*h, h) = \\B*hf 

So there exist an isometry 7 : V^^a range{B_*) C Vq with jD^^Ah = 
B*h for all h G Ha- 

Conversely, let 7 : "D^^a — ^ T^c be an isometry and define 5* := ^(D^^a- 
From C_\vc = we obtain C_B^ = or BC' = 0, which is (4.25). Further 



Explicitly, if Ei 



Ci 

Bi Ai 



) 



for i = 1, . . . , d provides a coisometric 




BB* = D,,Al*lD,,A = = 1 - A A*, 



hence A A* + BB* = 1, which is (4.26). Hence with E^ 




for i = 1, . . . , d, we obtain a coisometric hfting EofQhy A. 
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Finally if 7, 7' : V^^a T^c are two isometries and 7 7^ 7' then B* ^ 
(5')* for S*, (S')* defined by 7, 7' as above. Hence the correspondence is 
one-to-one. □ 

Corollary 4.2.2. Let A and C_ be row contractions, C_ coisometric. A 
coisometric lifting E of C_ by A exists if and only if 

dirnD^^A < dimVc, 

where dim stands for the cardinality of an orthonormal basis. . 

Theorem 4.2.1 gives a kind of free parametrization of the coisometric 
liftings. Let us consider an elementary example. 

d 

c = (ci, . . . ,Cd) e C^, ||c||^ = ^ = 1 {unit sphere) (4.27) 

1=1 

d 

a — (ai, . . . , a^) e C^, ||a||^ = |aj|^ < 1 {unit ball) 

1=1 

Then we get a left lower corner b — {bi, . . . ,bd) for a coisometric lift- 
ing if {b,c) = and ||a|p + = 1, according to (4.25) and (4.26). 
Obviously the set of solutions for b is the (complex) sphere with radius 
f — a/I — ||c[P in the subspace orthogonal to c. If ||a|| = 1 the solu- 
tion is unique. We can check that the parametrization using isometries 
7 : — T^c as in Theorem 4.2.1 yields the same result. 

Theorem 4.2.1 and Corollary 4.2.2 are even true if A is not *-stable. If 
A is *-stable then we should compare these results with those in Section 
4.1. Note in particular that the formula B* — ^D^^a in Theorem 4.2.1 
and the formula = Dq^D^^a (1-10) are compatible because, as noted 
above, for C_ coisometric the operator Dq is nothing but the embedding of 
T>c into ®f=iHc which is implicit in the formulation chosen in Theorem 
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4.2.1. Further comparison yields the following result which shows that 
subisometric liftings occur very naturally in the coisometric setting. 

Proposition 4.2.3. Let C_ be a coisometric row contraction. A lifting of 
C_ is a coisometric lifting by a *-stable A if and only if it is subisometric. 

Proof. Using Theorem 4.2.1 we can replace the condition "coisometric" 
for the lifting by the existence of an isometry 7 : P*.a T^c such that 
5* = 'yD^:^A = D*(j'~^D^^A- Now Proposition 4.2.3 is a direct consequence 
of Proposition 4.1.2. □ 

In particular, for coisometric liftings by a *-stable A there exists an 
associated invariant subspace and a characteristic function. In the special 
case dimTic = 1 this characteristic function was introduced in |DG07a] 
under the name "extended characteristic function". For general 'He-, in 
view of Theorem 4.1.6, it is better to call it the characteristic function of 
the lifting (with C_ given), as we have done in Definition 4.1.5. 

4.3 Characteristic functions of reduced lift- 
ings 

In this section we generalize the theory of characteristic functions for sub- 
isometric liftings from Section 4.1 and establish a setting that also includes 
the setting of Section 4.2. 

Let C be a row contraction on Tic and E_ on He = Tic © Ha be a 
(contractive) lifting so that for alH = 1, . . . , c? 



Then as in (gSD we have a mid V'^ on He ® {T Ve) ■ Clearly is 
an isometric lifting of C_, so the space of the mid can be embedded 
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as a subspace reducing the Vj^. Let us encode this by introducing the 
restriction Y_ on the orthogonal complement /C and a unitary W by 

W : He ® {T ®Ve) ^ He ® {T ® Vc) © /C (4.28) 
VfW = WVf, W\nc = l|wc with vf = V^QY 

By omitting He we also have a unitary (also denoted by W) 

: Ha © (r ® Pb) ^ (r ® Vc) © /C (4.29) 

and an isometric embedding Ha, '■= WHa C (F © Vc) © /C. Further we 
obtain 

B*=pnciV''r\n,,=PHc[iV''r®r]W\n, = D*cPe,^VcW\H^ (4.30) 
where we used formula (14. 6 p for . 

To proceed we need a few facts about the mid on Ha of A. We 
write its Wold decomposition as 

7i:a = (F © V,^a) © 7^A (4.31) 
= {Li © 1) © , z = 1, . . . , 

where 7^^ and R/^ stand for the residual part (cf. |Po89aj ) . The embed- 
ding of Ha into Ha can be written as 

HA3h^ {^ea,®D,^AAlh)®hn (4.32) 

Here hn belongs to the residual part IZa- Compare |BDZ06] for a deriva- 
tion of this decomposition via Stinespring's theorem. In fact, it is not 
difficult to check that a formula like (I4.32p always reproduces the Wold 
decomposition above, compare also [FFQOj for similar arguments for d = 1. 
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Note that the residual part vanishes if and only if A is *-stable, so in this 
case we are back in the setting of Section 4.1. 

Further we need the decomposition Ha = 'H\ © with T-C\ the 
largest subspace invariant for the A* and such that the restriction of A* 
is isometric, i.e., 

n\ ■.= {henA- J2 = ll^ll^ all n G N} (4.33) 

\a\=n 

Then it is easy to check that T-C\ = Ha H TZa (cf. |Po89a] . Proposition 
2.9), but the position of H'^ may be complicated with respect to the 
decomposition fl4.32p because A restricted to may not be *-stable and 
in this case is not contained in F ® T>*,a- In fact, if 7^ /i G Ti^ we 
only have 

||A;/if < ||/if for some n G N (4.34) 

\a\=n 

which (by definition) means that A\-^o^ is completely non-coisometric (c.n.c.), 
cf. |Po89aj . 

Now we look at A and its mid embedded into the larger structure 
obtained from the lifting E_. Clearly restricted to Ha (B (T ®Ve) is an 
isometric dilation of A, so Ha © (F © "D^;) contains Ha as a l^^-reducing 
subspace {i = 1, . . . ,d) which we still denote by Ha- Using fl4.29p we see 
that (F © Vc) © JC contains the {Li © 1) © Fj-reducing subspace WHa 
and the restriction of { L © 1 ) © y is a mid of A (transferred to WHa)- 
Denoting the restriction of W to Ha also by W we have (for i = 1, . . . ,d) 

W [{L, © 1) © Rf] = WV,^ = [(L, © 1) © Y;\ W (4.35) 

Where is Ha, = WHa^ Clearly 

WH\ = W{Ha n IZa) C WIZa C /C, (4.36) 
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where the last inclusion follows from (14.351) and the fact that L Cg) 1 is 
*-stable. The position of Wl-i\ may be more complicated. 

To organize the relevant data we use f l4.3ip together with the embed- 
ding of Ha into Ha® ®Ve) and fICTD to define 

M : r ® V,^A -^V®Vc, (4.37) 
which is a multi-analytic operator. Then for h G Ha 

where for the first equality we used (14.361) and the second then follows from 
the fact that M is multi-analytic. But Peo^v, = cq® D^ Ah by (14.321) 
and we conclude that Peo(^Vc^\HA '■ l^c factors through V^:^a in the 

sense that there exists a contraction 7 := Peo®x'c^leo®i'* a • '^*,a — ^ l^c 
such that 

Peo^VcW\nA = iD^A (4.38) 

In fact, 7 is nothing but the the 0-th Fourier coefficient of M in the sense 
of |Po03j . Combined with (I4.30p we obtain 

d 

B* = D*c-f D^^A : Ha ^ He (4.39) 

i=l 

This is one half of the following analogue for row contractions of Lemma 
2.1 in Chap. IV of |FF90] . which already has been discussed in the intro- 
duction, see in particular (14.31) . 

Proposition 4.3.1. E = {Ei, . . . , Ed) on He = He ® Ha with block 
matrices 

E.J''' M 
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(for i = 1, . . . ,d) is a row contraction if and only if C_ and A are row 
contractions and there exists a contraction 7 : V^ a T^c such that (14.391] 
holds. 

Proof. Clearly if £^ is a row contraction then C_ and A are row contractions. 
Above we have already given a (dilation) proof that if E_ is contractive 
then B_ satisfies f l4.39l) for a suitable contraction 7. To prove the converse, 
let 7 : Vc be a contraction and B_* given as in (14.391) . Then for 

X e He, y eHA 

\{x,CB*y)\^ = \{x,CD*cjD,,Ay)\' = \{DcC*x,jD,,Ay)\' 

< \\DcC*xfhD,,Ay f < {x,il - CC*)x) {y,i^-Mly) 

which implies (see for example Exercise 3.2 in |Pau03j ) that 

1-CC* -CB* \ 

= 1 - EE* 

-EC* 1 - AA* ) 

hence E_is a, row contraction. □ 

Let us go back to the lifting of C by A. The following definition is 
useful to analyze further the position of WHa- 

Definition 4.3.2. 7 : V^: A — * I^c is called resolving if for all h G Ha we 

have 

[^D^^aA*Ji = for all a E A) ^ [D^^aA*Ji = for all a E A) 

Clearly if 7 : T^c is injective then it is resolving. Note that 

D^^aA'^H = for all a G A if and only if h E Ha, and so the intuitive 
meaning of 'resolving' is that ' looking at Ha through 7 ' still allows to 
detect whether h E Ha is in Ha or not. More precisely, 7 is resolving 
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if and only if for all h G = Ha Q 'H\ there exists a G A such that 
■jD^:^AAah 7^ 0. In particular if A is c.n.c, i.e. TC\ = {0}, then 7 is 
resolving if and only if for all ^ h E Ha there exists a G A such that 
^D.^aA^H ^ 0. 

Lemma 4.3.3. The following assertions are equivalent 
(a) 7 is resolving. 

(h) WHAnicc wn\ 

(c) wHAfMC = wn\ 

(d) {t®Vc)\/w{t®Ve) = {T®Vc)®i}Cewn\) 

Proof, (b) says that for h G Ha \ 'Ha the embedded Wh is not in /C, so 
not orthogonal to F (g) T>c, equivalently, there exists a G A such that 

^ P,,^vc [{LI ® 1) © Y:]Wh = P,,^T,^W{V^rh = ^D^^AAlh 

(where we used the embedding of the mid of A and in particular fl4.38p ). 
By comparison with the comments following Definition 4.3.2 we conclude 
that (a) and (b) are equivalent. We noted in (14.361) that always WH\ C /C, 
so (b) and (c) are equivalent. 

To get the equivalence of (c) and (d) note that x E (V ® Vc) © /C 
is orthogonal to (T © Vc) and to iy(r © Ve) if and only if x G /C 
and X G WHa (compare (14.291) ). Hence the orthogonal complement of 
(r © Pc) V © 'De) in (r 0Vc)®}C is in fact WHa n /C. □ 

Definition 4.3.4. A lifting E_ of C_ hy A is called reduced if A is c.n.c. 
(i.e., Ha = {0}, see (14.341) ) and 7 is resolving. 



We have already seen two important classes of reduced liftings. 
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1) Subisometric liftings. Here A is *-stable and 7 is isometric, see 
Proposition 4.1.2. 

2) Coisometric liftings by A c.n.c. Here 7 is isometric by Theorem 
4.2.1. 

Note that by Proposition 4.2.3 the coisometric liftings by *-stable A are 
exactly the intersection of cases 1) and 2). 

Lemma 4.3.5. The following assertions are equivalent 

(a) E is reduced. 

(b) {he Ha: -fD.^AAlh = for all a G A} = {0} 

(c) WHaCMC = {0} 

Proof. If 7 is resolving then (by definition) the space given in (b) is con- 
tained in 7i\. Hence (a) implies (b). Also, from (b) we first conclude that 
Ha = {h E Ha ■■ D^^aA^Ji = for all a G A} = {0} and then that 7 is 
resolving, so (b) implies (a). If we have (c) then by Lemma 4.3.3(b) 7 is 
resolving and then by Lemma 4.3.3(c) A is c.n.c, so we have (a). Given 
(a). Lemma 4.3.3(c) implies (c). □ 

If '^D^^A^lJi = for all a G A then by fl4.39p we conclude that 
A*^h G kerB_* = {rangeB)-^ . Hence vectors in the space {h G Ha '■ 
jD^^AA'^h = for all a G A} do not contribute in any way to the inter- 
action between Ha and He via B_* , and it is no great loss to concentrate 
on liftings where this space has been removed. By Lemma 4.3.5(b), in 
doing this we obtain exactly the reduced liftings. This also explains our 
terminology. 

For reduced liftings we can successfully develop a theory of character- 
istic functions. 
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Definition 4.3.6. Let E_ be a reduced lifting of C_ by A. We call the 
multi- analytic operator 

Mc,E -.T^Ve^T^Vc, (4.40) 

(or its symbol Qc,e '■ T^e T ® T>c) the characteristic function of the 
lifting E_. 

Using the characteristic function we can develop a theory of functional 
models for reduced liftings. The idea is similar as in the case of charac- 
teristic functions for c.n.c. row contractions, see |Po89b] . 

Let E_ he a. reduced lifting of C by A. From A c.n.c. we obtain 
T-C\ = {0} and then Lemma 4.3.3 gives 

(r ^Vc)\/W{T^ Ve) = {T®Vc)®IC (4.41) 

With the definition 

Ac,E := (1 - M*c^j,Mc,Ey^ -.T^Ve^T^Ve (4.42) 

we obtain for x G F (g) 

\\P!cWxf = 11(1 - Prr^Vc)Wxf = \\xf - \\Pr^T,^Wxf (4.43) 

= ||x||^ - \\Mc,Exf = \\Ac,Exf 

This means that we can isometrically identify /C with Ac\e{^ ^'De) and 
with this identification we have 

wHa = [(r ® Vc) © /c] e w{r ® Ve) (4.44) 

= [(F®Dc) © Ac,s(r®Ps)] e{Mc,EX®Ac,Ex:xeT®Vc} 
which is a kind of functional model. 
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Theorem 4.3.7. Let C_ be a row contraction. Reduced liftings E_ and E[ 
of C_ are unitarily equivalent if and only if their characteristic functions 
Mc,E O'lT'd Mc,E' equivalent. 

Recall that Mc^e and Mq^e' are equivalent if there exists a unitary 
V : Ve T>Ei such that their symbols satisfy Qc,e = Qc,e'V. Compared 
with the analogous result for subisometric liftings contained in Theorem 
4.1.6 the modifications necessary to prove Theorem 4.3.7 are technical 
and straightforward, so we omit the proof. The important thing to recog- 
nize is that, if a lifting E_ is reduced, we have the functional model (14.441) 
for it which is built only from C_ and from the characteristic function Mc,e- 

Conversely, if C_ on He is a row contraction and 

is an arbitrary contractive multi-analytic function (where V is any Hilbert 
space), then we can define 

A : (1 - M*M)5 : T ®V 

ii.= nc®{T ® Vc) © A(r ® V) 
w -.v^v^ (roDc) © A(r®p), Mx® /\x 

W is isometric and by introducing a copy TIa of the orthogonal comple- 
ment of W{T © V) we can extend W to a, unitary 

w -.rtA® {T ®v) ^ {V ®Vc) ® A(r © v) 

Let £ = (VI, ... , Vd) be defined on H by Vi := Vf © (for « = 1, . . . , d), 
where is the mid of C_ on Tic © (r © Vc) (14. 6 p and Yi is given by 

FiA X := A{Li © l)x (where x eV ®V) 
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It is not difficult to check that y (and hence also V) is a row contrac- 
tion consisting of isometrics with orthogonal ranges (i.e., a row isometry). 
Further 

is invariant for the Vi. With E* := V*\t^^^^-^^, A* := V*\^^^ for 
i = 1, . . . ,d we obtain a contractive lifting E_ of C_hj A which we may 
call the lifting associated to the multi- analytic function M. The following 
result gives another justification for considering reduced liftings. 

Proposition 4.3.8. The contractive lifting E associated to a row con- 
traction C and a contractive multi-analytic function M : F D — > F T>c 
(where T> is any Hilbert space) is reduced. 

Proof. By Lemma 4.3.5 it is enough to show that any vector y e WHa 
which is orthogonal to F (8) T>c is the zero vector. But y e WHa means 
that y is orthogonal to M x © A x for all a; e F (8) "D and y orthogonal to 
F (g) X>c means that y G ® A(F (g) V). Hence indeed y = 0. □ 

Proposition 4.3.8 shows that the theory of characteristic functions can- 
not be extended beyond reduced liftings. Note that M is not necessarily 
the characteristic function of the associated lifting E_ and we used ~ to 
indicate this. It is an interesting question which intrinsic properties of M 
guarantee that it is the characteristic function. We leave this as an open 
problem. 

4.4 Properties of the characteristic function 

First we shall compute an explicit expression for the characteristic function 
of a reduced lifting. We continue to use the notation of the previous section 
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and consider a reduced lifting E_ on He = He © Ha of C_ on He by A on 
Ha- As in (OHD the row isometry ( L (g) 1 ) ©F on (r © I'c') © ^ restricts 
to a mid of A (transferred to WHa)- So we have for all a G A and h G Ha 

[{LI © 1) © r;] Wh = W Alh (4.45) 

Using (14.381) we infer that 

-iD^^AAlh = P,,<^VaWAlh = P,,^va [{L*^ © 1) © Y:]Wh = Pe^^VaWh 

(4.46) 

which yields a Poisson kernel type formula, compare (14.111) : 

Pv<^VcWh = ^ e« © iD.^AAlh (4.47) 

To compute the symbol Qc,e of the characteristic function we define d\ : = 
{y^^ — Ei)h = cq® {DE)ih and use the identification of Ve with the closed 
linear span of all d\ with i = 1, . . . , ci and h eHe, see (14. 6p . Then, using 
(14.281) and the Definition 4.3.6 of Qc,e, we obtain 

QcEdl = Pr^VaW{Vf - E,)h = Pr^VcV:^Pna®ir<^Vc)Wh - Pr^VaWE.h 

(4.48) 

We distinguish two cases. 
Case I: he He- 

Pr^VcVf^Pnce{r^Va)Wh = Pr^VaVf^h = [eo © iDc)ih] by gJl) 
Pr^VcWE.h = Pr^VcW{Cih © B,h) = © -fD^^AA^B^h by I^M) 

a 

and thus 

QcEdi = eo © [{Dc)^h - ^D.^ABih] - e„ © 7D,,^A;5,/i (4.49) 

|a|>l 
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Case II: h G Ha- 

= (Li (g) l)Pr^Ty^Wh = ^ (g) e« O -fD^^AA^h 

a 

Pr^VcWEih = Pr^T^^WAih = ® -fD,^AA*f^Aih 

Note that for h G T-La we have {DA)ih = {DE)ih (which we identify with 
because E_ is an extension of A. With Pj the orthogonal projection 
onto the j— th component we obtain 

d 

Qc,E 4 = -eo ® -fD^^AAh + ^ (g) ^ e« (g) -fD^^AAKSjd - A*Ai)h 

j=l a 
d 

= -eo (g -fA{DA)ih + ^ ® ^ e„ (g jD^^AAlPjDAiDA)ih 

j=l a 
d d 

= -eo ® 7 XI + XI ® 5Z ® lD*,AKPjDAdi 

j=l j=l a 

(4.50) 

We note that if 7 is omitted from fl4.50p then we obtain exactly Popescu's 
definition of the characteristic function of the (c.n.c.) row contraction A 
as given in |Po89bj . Hence Case II is essentially the characteristic func- 
tion of A , contractively embedded by 7. In a special case this has been 
observed in |DG07a] and, because this special case was subisometric and 
hence 7 isometric, G was called an extended characteristic function. (14.501) 
generalizes this idea. 
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Let us now illustrate how the characteristic function factorizes for it- 
erated liftings. Assume that on is a two step lifting of the row con- 
traction C_ on He, i.e., E_onHE with Ei = i * | (for i = 1, . . . ,d) 

\ Bi Ai J 

is a contractive lifting of C_ on He by A on Ha (as before) and E_ on Hj^ 
E, 



with Ej 



* A. 

T^E by A on H^. Then H^ 
respect to this decomposition 



(for i = 1, . . . , c?) is a contractive lifting of E_ on 



He ® H^ 



He © H, 



H^ and with 










\ 


E,= 


* 


A, 







\ * 


* 


A, ) 



(4.51) 



stands for entries which we do not need to name explicitly. 

Theorem 4.4.1. If the liftings E_ of C_ and E_ of E_ are reduced then also 
the lifting E_ of C_ is reduced, and the characteristic functions factorize: 

Mc^E = Mc,E Mj, E- (4.52) 
Proof. As in f l4.28p we obtain the following unitaries from the given lift- 



mgs: 



W:He®{T®Ve)^Hc®{T® Vc) © /C 



w ■.He®{t ®v^) -^He®{t ® Ve) © ic 



satisfying 



(V;^ © Y.i) W 



W = {Vf © Yi) W 
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We can define another unitary 

Z ■={W(g) 1^) W : He ® (T ^Ve) ^ He ® (T (g)Vc) ® IC ® IC (4.53) 
satisfying 

Z = (rf (BYiQ) Yi) Z (4.54) 

Note furtlier tliat W, W and lience also Z act identically on He- By 
assumption the liftings E_ oi C_ and E_ of E_ are reduced and we have 
characteristic functions 

Mc,E = Pr<s>VcW\ 

They can be composed to yield a multi-analytic operator 

M := Mc^eMe^e- T ®Ve^V (^Vc 
Using (14.531) it is easily checked that 

We conclude by (I4.54p that the hfting E_ of C_ is associated to M and 
hence, by Proposition 4.3.8, this lifting is reduced. In fact, comparing 
with Definition 4.3.6, we see that M is the characteristic function, i.e., 
M = M^E- ° 

4.5 Applications to completely positive maps 

If T = (Ti, . . . ,Trf) is a row contraction on a Hilbert space K, then we 
denote by the corresponding (normal) completely positive map on 
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B{IC) given by 

d 

<I>T{■) = J2T^■T; (4.55) 

i=l 

If (i = cxD this should be understood as a SOT-hmit. See for example 
|Pau03j for the general theory of completely positive maps, we shall only 
work with the concrete representation fl4.55p . The fact that T is a row 
contraction implies that $r(l) ^ !> i-e., $r is contractive. It is unital 
(^^-(l) = 1) if and only if T is coisometric. 

(C- 
* I (for 
Bi Ai 

i = 1, . . . ,d) then an elementary computation shows that 

/ CiXnC* C,XnB: + C,XuA* \ 

^ / Xii Xi2 \ _ 
\ X21 X22 I 



i=l 



BiXiiC* BiXiiB* + BiXi2A* 
\ +AX21C* +AX21B* + AX22A* J 

(4.56) 

with Xn G BiHc), Xu G BiHA^Hc), X21 G BiHcHA), X22 G B{nA). 

We denote by »c = I I and Pa = i I the orthogonal pro- 

\0 J \0 1 J 

jections onto Tic and Ha- The following facts are immediate from fl4.56p . 




Pci^ETl^ ^ ^ Who = i^cnX) (4.57) 
(for n G No and X G BiHc)) 

\ / n n \ 

(4.58) 
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(for Y G B{Ha))- So is a kind of (power) dilation of (I4.57p and an 
extension of f!4.58p . 

Definition 4.5.1. If He = He ® Ha, <^e : BiHE) ^ B{nE), $c : 
BiTic) BiTic), $A : B{Ha) B{1-La) are contractive normal com- 
pletely positive maps such that fl4.57p and (14.580 are valid then we say 
that ^E is a contractive lifting of by ^a- 

We have seen that a contractive hfting of row contractions gives rise 
to a contractive hfting of completely positive maps. The converse is also 
true: Let us assume (I4.58p . If $£;(■) = Yl'i=i^i ' ^1 ^^"^ '^^ write Ei = 

for the moment, then 






\ 




c 




■ ( 



and (I4.58P implies that all the Di are zero, i.e., we have a lifting of row 
contractions. So actually (I4.58P implies (14.571) with some $0- 

Note that ii E = V^, the mid of C, then ^e is a *-homomorphism 
and (I4.57P shows that the powers of $£; are a homomorphic dilation of 
the completely positive semigroup formed by powers of ^c- See |BP94t 
IAr03[ IGo04j for further information about this kind of dilation theory. 

The discussion above shows that we can use our theory of liftings for 
row contractions to study liftings of completely positive maps. If £^ is a 
reduced lifting of C by A then we have a characteristic function Mq^e- It 
is well known (see for example [Pau03l rGo04j ) that in the decomposition 
= J2i=i ' the tuple {El, . . . , Ed) is not uniquely determined and 
that ^^^1 E'i ■ {E[y describes the same map if and only if E[ is obtained 
from E_ by multiplication with a unitary d x (i-matrix (with complex en- 
tries). This does not change the characteristic function because the latter 
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is defined as an intertwiner between objects which are transformed in the 
same way. Hence it is possible to think of Mq^e also as the characteristic 
function of a reduced lifting $£; of $0 by ^a- (Of course we call this 
lifting reduced if the corresponding lifting of row contractions is reduced.) 
Theorem 4.3.7 translates immediately into 

Corollary 4.5.2. Given ^c, two reduced liftings resp. ^e' of by 
$A resp. ^A' are conjugate, i.e. 

$^ = U*<^E'{UXU*)U 

with a unitary U : He Ti-E' such that Ulnc = llwc ^/ '^'^^ '^''^^V ^/ the 
corresponding characteristic functions are equivalent. 

Corollary 4.5.2 generalizes Corollary 6.3 in jDG07aj where dimTic = 1- 



In the following we confine ourselves mainly to liftings which are coiso- 
metric and subisometric and give some concrete and useful results about 
the corresponding completely positive maps. 

Lemma 4.5.3. Let E_ be a contractive lifting of a row contraction C_ by a 
*-stable row contraction A. Then for all X12, X21, X22 

Y X21 X22 
as n ^ 00 (SOT). 

Proof. decreases to zero in the strong operator topology because of 

(14.581) and the assumption that A is *-stable. Then also $^ ^ X 
0, first for < X22 < ||X22||pa; then for general X22 by writing it as a 
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linear combination of positive elements. Using the Kadison-Schwarz in- 
equality for completely positive maps (cf. |Cli74j or [Pau03j . Chapter 3) 
we obtain 

' X* ' ' I < I " " 1^0 

and hence [ ^ ^^'^ ) ^ ^- Similarly $^ | ^ ^ ) ^ 0. □ 
y J y X21 

Theorem 4.5.4. Suppose the row coisometry E_ is a lifting of C_ by A. 
Then the following assertions are equivalent: 

(a) The lifting is suhisometric. 

(b) A is *-stable. 

(c) (<l>sr(pc)-l {n^ 00, SOT) 

(d) There is an order isomorphism between the fixed point sets of 
and of $(7 given by 

K-.Xy^pcXpc (4.59) 

In this case, k is isometric on self adjoint elements. If x is a fixed point 
of then we can reconstruct the preimage k,~^{x) as the SOT-limit 

limi^Erd M (4.60) 

n^oo \ / 

Recall further that by the results of Section 4.2 the liftings in Theorem 
4.5.4 are parametrized by *-stable row contractions A with dimV^^A < 
dimT>c together with isometrics 7 : T>^ a ~^ T^c ^^nd that they can be 
explicitly constructed from these data. Theorem 4.5.4(d) tells us that 
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(exactly) for such liftings the maps and have closely related prop- 
erties in terms of their fixed points. We can identify this useful situation 
by checking the convenient conditions (b) or (c). 

Proof. By Proposition 4.2.3 a coisometric lifting E_ of C_hj A is subiso- 
metric if and only if A is *-stable. Using (14.581) the latter means that 

($e)"(Pa) -^0 {n^oo, SOT), 
which is equivalent to (c) because $£; is unital. Hence (a) -v^ (6) -v^ (c). 

(X * \ 
is a fixed point of then it is immediate from 
* * / 

(14.561) that X is a fixed point of ^c*. Hence k : X pc X pc indeed maps 
fixed points of to fixed points of ^c- (This is true for all contractive 
liftings.) Now assume (a), i.e., the lifting is subisometric. Then 



X = $s(X) = lim ($i?)"(X) = lim (<l>s)" 



X 




where the last equality follows from Lemma 4.5.3. Hence k is injective. 

Let V_= (Vi, . . . , Vrf) simultaneously serve as mid for Q and E. Then 
Theorem 4.5.1 in |BJKWOO] or Lemma 4.6.4 in the Appendix of this paper 
show that for every fixed point x of there exists A' in the commutant 
of Vi,...,Vd such that pcA'pc = x. Define X := peA'pe, where pe 
is the orthogonal projection onto He- Then, using the lifting property 
Ei Pe = Pe Vi for i = 1, d for the mid and the fact that X]f=i = 1 
(because E_ is coisometric also V_ is coisometric), we find that 

d d d 

^e{X) = Y,E^XE* = J2E^PEA'pEE* = J2peV^A'V;pe 

1=1 1=1 1=1 

d 

PeA' J2 ViViPE = PeA'pe = X 



1=1 
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So X is a fixed point of and clearly k,{X) = x. We conclude that k is 
also surjective. The fact that k, is isometric on selfadjoint elements is also 
a consequence of Lemma 4.6.4. 

On the other hand, if the lifting E_of C_ is not subisometric then the 
mid of C_ is embedded on a proper reducing subspace He into the space 
He oi the mid of E_. Then 1^^ and p^^ are two different fixed points 
of ^v^- By Lemma 4.6.4 the map X i— > peXpe maps them into different 
fixed points of ^e- Pe'^-h^Pe = Pe PeP-h^Pe- H k : X ^ pc X pc from 
the fixed point set of $£; into the fixed point set of were injective then 
also PcPePc 7^ PcPeP-^^PePc- But both sides are equal to pc- Hence in 
this case k is not injective. We have proved (a) (d). □ 

Recall that a unital completely positive map $_b is called ergodic if 
there are no other fixed points than the multiples of the identity. By 
abuse of language we also call E_ ergodic in this case (as in |DG07aj ). 

Proposition 4.5.5. Let E_ be a coisometric lifting of C_ by A. Then E_ is 
ergodic if and only if C_ is ergodic and A is *-stable. 

Proof. If A is *-stable then use the equivalence (6) {d) in Theorem 
4.5.4 and infer from C_ ergodic that also E_ is ergodic. Further note that, 
because E_ is coisometric, we always have 



> 



We say that pc \ | is an increasing projection for ^e- Hence 

{^e)^{Pc) increases to a SOT-limit which clearly is a fixed point of 
Now let E_ be ergodic. Then all fixed points are multiples of ^ ^ ^ 
and because the left upper corner of {(^e)^{pc) is always 1 we have 
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1 



1 



) 



We have verified Theorem 4.5.4(c) and now 



Theorem 4.5.4(d) and (b) show that C_ is ergodic and that A is *-stable. 
□ 

This generahzes Proposition 2.3 in |DG07a] where Tic is one dimen- 
sional and hence C_ ergodic is automatically fulfilled. 

The following provides an interesting example for the liftings consid- 
ered above. Let '■ B(He) — ^ B(He) be any (normal) unital completely 
positive map and let ip he a normal invariant state, i.e., ip o ^e = De- 
fine He to be the support of (cf- |Ta01j ) and let Ha be the orthogonal 
complement, so He = He © Ha- Then E = {Ei, . . . , E^) is a coisometric 
lifting of C = (Ci, . . . , Cd) if we define C* := E*\nc for z = 1, . . . , rf. In 
fact pcE*pc = E*pc for all i by Lemma 6.1 of |BJKW00j . Note that the 
compression has a faithful normal invariant state, the restriction ipc 
of ip to B{Hc)- Conversely we can start with (^c ^^nd a faithful invariant 
state ipc and construct liftings . They have normal invariant states 
given by ip{X) := ipdpcXpc)- From Proposition 4.2.3 and Theorem 4.5.4 
we conclude 

Corollary 4.5.6. Let '■ B{Hc) — ^ B{Hc) he a (normal) unital com- 
pletely positive map with a faithful normal invariant state ipc- Then we 
have a one-to-one correspondence between 

(a) (normal) unital completely positive maps ^e '■ B(He) B{He) 
with normal invariant state ip such that the support of ip is He and 
i^lBiHc) — i'c, compression of ^e is $c o,nd {^e)"'{pc) ^1 {n ^ 



(b) *-stable A with dimV^A ^ dimT>c together with isometrics 7 : 



cx), SOT) 
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There exist order isomorphisms ke X t—^ PcXpc between the fixed point 
sets of these maps $e and the fixed point set of $c- 

In the special case when ip is an invariant vector state ■^) of 
we have the result that ^e is ergodic if and only if {^e)"'{ps,) —>■ 1 {n ^ 
oo, SOT), where is the orthogonal projection onto C^, cf. |Go04j . 
A. 5. 2. Hence we obtain a classification of such maps. Here Vc is {d — 1)- 
dimensional. This case has been further investigated in |DG07a] . 

Corollary 4.5.6 is useful because many techniques only apply to com- 
pletely positive maps with faithful invariant states, cf . |Kii03] . It enables 
us to transfer information from the faithful to the non-faithful setting. 
For example, it is known that in the case of a faithful normal invariant 
state the fixed point set is an algebra (cf. pTfil IFNW941 IBJKWOOj l 
Now K is an order isomorphism but it is not in general multiplicative. In 
fact, there are examples of completely positive maps with a normal in- 
variant non-faithful state where the fixed point set is not an algebra (cf. 
|Ar69t IAr72l IB JKWOO] . If Corollary 4.5.6 applies we can think of it as an 
(order isomorphic) deformation of an algebra. 

4.6 Appendix 

In Section 4.5 we needed a commutant lifting theorem (Theorem 5.1 of 
|BJKWOO] ) which says that the fixed point set of a normal unital com- 
pletely positive map is in one-to-one correspondence with the commutant 
of the Cuntz algebra representation generated by the mid. Below we give 
a variant of the proof which is based on a Radon-Nikodym result for com- 
pletely positive maps by W.Arveson. This is a good way to think about 
it and it supports the understanding of the other arguments in the main 
text. 
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Lemma 4.6.1. !Ar69^ . Theorem 1.4-2 

If is a completely positive map from a C* -algebra B to BiTi), with Ti a 
Hilbert space, then there exists an affine order isomorphism of the partially 
ordered set of operators {A' G 7r(i3)' '■ < A' < 1} onto [0, Here tt is 
the minimal Stinespring representation of B associated to \E' and [0, is 
the order interval containing all completely positive maps ^ : B —>■ BiT-L) 
with < $ < ^. The order relation for completely positive maps used 
here is ^ < if — ^ is completely positive. 

Explicitly, i/\l/(a;) = W*'k{x)W is the minimal Stinespring representation 
then A' e vr(i3)' corresponds to $ = W*A'n{x)W . 

Lemma 4.6.2. WJEWOOf . Corollary 2.4; fPoO^ . Theorem 2.1 
If < D < 1 is a fixed point of the (normal unital completely positive) 
map $/?(•) = Yli^i ' BiH) then there exists a completely positive 

map ■■ Od ^ Bin), VcVp ^ RaDR*^^. Here a, f3 e A and Od is the 
Cuntz algebra generated by the Vi, where V_ = {Vi, . . . ,Vd) is a mid of 
R = {Ri, . . . , Rd). 

Using notation from the previous lemmas we get 

Lemma 4.6.3. There exists an affine order isomorphism D be- 
tween 

d 

{0 < D <1 : D IS a fixed point of^R{-) = ^ i?^ ■ R* on B{n)} 

1 

and [0, where is the completely positive map described in Lemma 
4.6.2 with D = l, I.e., : ^ VaV^ ^ RaR^. 

Proof. From = d + '^i-d we see that G [0, ^i] for all fixed points 
< D < 1 oi $R. On the other hand, if $ G [0, ^i] then by Lemma 
4.6.1 with B = Od there exists A' G 7r(i3)' with < A' < 1 such that 
= W*A'7t{x)W , where = W*7t{x)W is a minimal Stinespring 
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representation. Using that (Vi, . . . , Va) is a mid of ^ = . . . , Rd) it is 
easily checked that = ptt{x)p is such a minimal Stimespring repre- 

sentation if vr is the Cuntz algebra representation generated by (Vi, . . . , V^) 
and p is the projection onto the space Ti. (In ptt{x)p the p on the right 
hand side should be interpreted as the embedding of H into the dilation 
space.) 

Hence if a; = V^V^ then we obtain 

$(KV;) = pA'V^V^p = pVaA%p = pVapA'pV^p = Ro.pA'pR}. 

We conclude that $ = with D := pA'p. Clearly < D < 1 and 
Z) is a fixed point of (because V_ is a coisometric lifting of R, i.e., 
Yli=i = 1 RiP = pVi for all i). The correspondence is bijective 
(\E'£)(1) = D) and it clearly respects the order. □ 

Lemma 4.6.4. WJK WOOf . Theorem 5.1 

There is an affine order isomorphism between {0 < D < 1 : D is a fixed point 
of^ni-) = T.tRi- R*i on B{n)} and {A' e 7r(Cd)' : < A' < 1}, where vr 
is the Cuntz algebra representation generated by the mid V_ = (Vi, . . . , Vd) 
of R= {Ri, . . . , Rd). It is given by A' hh> pA'p, where p is the projection 
onto the space Ti. The isomorphism is isometric on the self adjoint parts. 

Proof. For the first part we only have to add to the arguments in the proof 
of Lemma 4.6.3 the reminder that by Lemma 4.6.1 the correspondence 
between {A' e 7r(Cd)' : < A' < 1} and [0, ^i] is a bijection. As pointed 
out in [BJKWOO] . Section 4, it is isometric on the selfadjoint parts because 
1 is mapped to 1 (identities on different Hilbert spaces) and for selfadjoint 
elements y we have ||?/|| = inf{a > : —al < y < al}. □ 



Chapter 5 

Constrained Liftings 



In the preceding chapter we have mainly exploited the dilation theory 
of (noncommutative) row contractions. There are some more important 
types of dilation theories. They are for row contractions satisfying some 
constraints. Formally: 

Definition Assume to be a d-tuple of hounded operators on a common 
Hubert space Ti and {pri{z)}n&,j a finite set of polynomials in d noncom- 
muting variables with index set J. Then T is said to be J-constrained if 

PniT) =0 for 1] e J. 

The corresponding dilations are called constrained dilations (defined 
in Section 5.1). In |BBDn4j . [DeOTa] and [BDZOBj the question how the 
mid is related to the constrained dilation was addressed. Here we carry 
out this study further in Section 5.1, especially when the row contraction 
is defined on a finite dimensional Hilbert space. There is a generalization 
of Beurling's Theorem for Fock spaces by Popescu |Po05] in constrained 
case. A complete invariant for constrained liftings by c.n.c. is obtained in 
Section 5.2 motivated by this Beurling type result. These invariants are at 
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times more interesting than the ones in preceding chapters. For instance 
in the commuting case this invariant is a H°° function in the sense of 
multivariable complex analysis. Similar analysis to classify constrained 
c.n.c. row contractions can be found in [Ar03j . [Po07] . |BT07] . |BES05j . etc. 

Beginning with a row contraction R = . . . , Rd) on a Hilbert space 
C, define 

'■ = {-^ C £ : is an invariant subspace for each R*, 



C{R) is a complete lattice with respect to arbitrary intersections and span 
closures of arbitrary unions. The maximal element is called maximal 
J -constrained subspace and is denoted by C^{K) or . The row con- 
traction R^ = {Ri, . . . , -R;^) obtained by compressing R to is called 
maximal J -constrained piece. Clearly the maximal J-constrained piece 
is J-constrained row contraction. The block form of R in terms of the 



pression of R to the orthogonal complement of C . 

The three special sets of polynomials {p,,}r,eJ inducing constraints are: 

for {i,j) G {1,2, ... ,4}"^ are associated with 

commuting case. 

2. Pij{z) = ZiZj — QjiZjZi for (i, j) G {1,2, .. . ,d}^ where \qij\ = 1 and 

3- Pt,j{z) = ZiZj - aijZiZj for {i,j) G {1, 2, ... , d^ where A = {aij)dxd 
is a — 1-matrix and each row and column has at least one non zero 
entry. 



{Pri{R)Th = 0,\/he M, \/ri G J}. 




where R is the com- 
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If the given set of polynomials is a combination of the above three, we call 
such cases as J'-constrained. The J in the above stated commuting case is 
denoted by J*. For J'-constrained row contractions of the above mentioned 
type 1, 2 and 3, the constrained dilations are called standard commuting 
dilation, q-commuting dilation and Cuntz-Krieger dilation respectively. 
Note that the type 2 includes the type 1 case. 

We recall the definition of Cuntz-Krieger algebras Oa- Let A — 
{(lij)dxd be a square — 1-matrix i.e. Uij e {0, 1} and such that each 
row and column has at least one non-zero entry. 

Definition Oa is the universal C*-algehra generated by d partial isome- 
tries si, • • • , with orthogonal ranges satisfying 

(5.1) 

5.1 Minimal constrained dilation 

In this section we assume d < oo. Lemma 5.1.3 is the only exception where 
this assumption is not needed. Consider the maximal J'-constrained piece 
L of the creation operators L on the Fock space r(C'') or r. It is not 
difficult to show that the unital C*-algebras generated by l/ satisfy 

C*(L-^')=span{L^'(L^'r :a,/3eA}. 

Using this and the Poisson kernel (2.6) one can show further for any given 
row contraction T = {Ti, . . . ,Td) on 7i that there exist unique unital 
completely positive map ip : C*(L) — > B(H) satisfying: 

iP{L^{Lf,y)^T^{Tf,y. 
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If T is J'-constrained, then there also exist unique unital completely pos- 
itive map (p : C*{l/') B{H) with 

<j){Li{L';r)=T^{Tp)\ a,(3eA. (5.2) 

We can use a minimal Stinespring dilation tti : C*{lJ ) B{7ii) of V' 
such that 

(t>{X) = PnHi{X)\n yXeC*{l/') 

andspan{7ri(X)/i : X G C*{l/'),he n}=ni. The tuple 5= (^i, ■ ■ ■ ,Sd) 
where Si = ni{Lf), is the minimal J'-constrained dilation of T which is 
unique up to unitary equivalence. 

We recall a result from |BBD04] . [DeOTaj and |BDZ06j (cf. Appendix 
of this chapter) : 

Theorem 5.1.1. Let T_he a J'-constrained row contraction on Ti. Then 

(i.e., the maximal J' -constrained piece ofV_) is the minimal J'-constrained 
dilation ofT_. 

From the easy observation that the maximal constrained subspace of 
T is a ]^-coinvariant subspace we have V_ to be an isometric lifting of T"^. 
Therefore using the previous Theorem we get that the compression of V_ 
to a Vf -coinvariant subspace of TtI"^' is the constrained dilation of Tf . 
It is natural to ask if Vf is the minimal constrained dilation of T"^ . For 
*-stable row contraction a necessary and sufficient condition appears in 
Theorem 9 of |BBD04j . A version for coisometric case is obtained here 
in Theorem 5.1.4 and another for finite dimensional Hilbert spaces in 
Theorem 5.1.7. 

We will need the following lemma. Let Q be the (non- self adjoint unital) 
weak operator topology-closed algebra generated by the Vi G B{ii) of the 
mid V of T. 
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Lemma 5.1.2. (Lemma 3.4 of WKSOlf ) g[C] reduces G if C is a T*- 
invariant subspace. 

Lemma 5.1.3. Suppose!^, given on a finite dimensionalTi, is coisomet- 
ric. Let M. he a subspace of (the dilation space) Ti which is invariant for 
bothQ andQ* (i.e., reducing). Denote AinH byTi.M- Then M. = Q\Hm]- 

Proof. Note that TIm is invariant with respect to T* for i = 1, . . . ,d 
because Ti and Ai are V^*-invariant and V*\t-i = T*. Lemma 5.1.2 shows 
that Qpi-M] reduces Q. Because Hm C A4 and Ai is ^-invariant we also 
have Q[Hm] C A4. Let us assume that H' = J^QQ\Hm] is non-zero. But 
Corollary 4.2 of |DKS01j gives that any non-zero ^*-invariant subspace 
intersects Ti nontrivially. Hence Ti' has a non-trivial intersection with Ti. 
This is a contradiction as {M Q QiTi-M]) n H = Hm ^ G[Ti-M]^ = {0}- 
Therefore M = g[HM]- n 

Suppose TT is a representation on a Hilbert space C of the Cuntz algebra 
Od with generators gi, . . . ,gfi. The representation vr is said to be spherical 
if span {7!-{ga) h : h e C%7i{gi), 7i{gd)), a e A} = C. 

Let us now assume that Ti. is finite dimensional. Theorem 19 of 
|BBD04j states that the mid \i on H of T on H can be decomposed 
as © V} with respect to the decomposition of H as © into re- 
ducing subspaces where V_^ is associated to a spherical representation of 
Od and V} has trivial maximal commuting piece. Because Ti. is finite di- 
mensional, the already mentioned direct integral decomposition ( |BBD04] . 
Theorem 18) now tells us that Ti.'^ can be further decomposed into irre- 
ducible subspaces as ® ... ® Hi for some k e N. Let Hj ■.= Hn'H°j. 
We observe that = 1,2,..., A;, are non-zero disjoint Tj*-invariant 

subspaces for i = 1, . . . , c? and G[Hj] = for j = 1, . . . ,k from Lemma 
5.1.3. It follows also that the compressions of T to the Ti/s are coisomet- 
ric. But as the restriction of V to Ti*? is associated to an irreducible and 
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spherical representation, the related maximal commuting subspace is one 
dimensional (cf. |BBD04j . Theorem 18 and 19) and hence is a minimal 
^*-invariant subspace for each j. By Lemma 5.8 of |DKS01j such a min- 
imal ^*-invariant subspace is unique, and since the Ti/s are ^*-invariant 
subspaces, it follows that the maximal commuting subspace of V_ on 
is contained in Hj. 

Consider the case when the maximal commuting subspace of the mid 
V_ of a. row contraction T on the Hilbert space Ti is contained in Ti. 
Proposition 7 of |BBD04j yields that H-^" nH = H-^" . So the maximal 
commuting piece of T is also the maximal commuting piece of V_ and 
therefore the standard commuting dilation of itself. 

Theorem 5.1.4. Suppose the dimension of Ti is finite andT_ is a coiso- 
metric row contraction on it. Then the maximal commuting subspace of 
V_ is contained in Ti and coincides with the maximal commuting subspace 
ofT. 

Proof. Let on 7i be decomposed as above. From the arguments above, 
we obtain that the maximal commuting subspaces of the compressions of 
V_ on THP- are contained in Tij. The linear span of all these subspaces is 
in fact ii.'^^ {y2) and hence is also contained in Ti. The argument for the 
second assertion has already been given above also. □ 

For a lifting E on He = He © H-a of C_ by A, it is evident that when 
E_ is J-constrained, then both C_ and A are J-constrained. In case E_is a. 
subisometric lifting of a row contraction £7, then the unitary equivalence of 
mids V^' and implies unitary equivalence of the maximal constrained 
pieces of V_'" and . In addition when E_ is J'-constrained, by Theorem 
5.1.1 we obtain unitary equivalence of their minimal constrained dilations. 

Corollary 5.1.5. Let E_, on a finite dimensional Hilbert space, be a coiso- 
metric lifting of C_ by a *-stable row contraction A. Then the maximal 
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commuting pieces of E_ and C_ coincide. 

Proof. Here E_is a subisometric lifting of C_. So maximal commuting pieces 
of V_'" and are unitarily equivalent. By the previous Theorem this 
means that the maximal commuting pieces of E_ and C_ coincide. □ 

Theorem 5.1.6. Suppose T_ is coisometric andT^ is ^-stable. Then the 
minimal J' -constrained dilation of a Tf is the maximal constrained piece 
of the mid T. 

Proof. As is *-stable, by Proposition 4.2.3 T is a subisometric lifting 
of T*''. This causes the maximal J'-constrained pieces of mids of T and 
Xf to be unitarily equivalent. Moreover the maximal constrained piece of 
mid of is the minimal constrained dilation of Tf . Hence the Theorem 
follows. □ 

The maximal commuting piece of any coisometric row contraction T on 
Ti consists of subnormal operators. This is because the maximal commut- 
ing piece of a coisometric row contraction is commuting and coisometric, 
and so it has a standard commuting dilation consisting of normal oper- 
ators (cf. |Ar98j . Corollary 1 in Section 8). Consequently if Ti is finite 
dimensional, the maximal commuting piece of T always consists of normal 
operators. 

Corollary 5.1.7. A commuting coisometric row contraction on a finite 
dimensional Hilbert space cannot be a lifting of another commuting row 
contraction by a *-stable tuple. 

Proof. Assume that ^ is a commuting coisometric lifting of a commuting 
row contraction C on a finite dimensional Hilbert space by *-stable A. 
Then again by Proposition 4.2.3 ^ is a subisometric lifting of C. Conse- 
quently, standard commuting dilations of E_ and C_ are unitarily equivalent. 
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For normal coisometric row contractions their standard commuting dila- 
tions coincide with the row contractions as shown in Theorem 15 |BBD04j . 
As C consists of normal operators, its standard commuting dilation is 
equal to itself. In other words C_ is equal to the standard commuting di- 
lation of E_ along with the fact that E_ is a compression of the standard 
commuting dilation of E_. This yields that C_ = E_. □ 

Proposition 5.1.8. Let C he a (single) coisometry on a finite dimen- 
sional Hilbert space. Let E be a coisometric lifting of C by A. Then A is 
coisometric. 



Proof. Let 

E 



C is infact a unitary. We have C*C = 1 and BC* = 0. This implies B is 
zero and hence A is coisometric. □ 




The following is a passing by remark on the ergodic case treated in 
Chapter 3. 

Remark 5.1.9. If the maximal commuting subspace of a coisometric row 
contraction T is of dimension greater than one then T is not ergodic. 

Proof. If T is ergodic then by Theorem 5.1 of [BJKWOO] its mid V_ on 
Ti. is associated to an irreducible representation of Od and so Theorem 
19 of |BBD04] tells us that V_ has trivial or one dimensional maximal 
commuting piece. But as H"^" nH = H"^" by Proposition 7 of |BBD04j . 
we finally get that T has trivial or one dimensional maximal commuting 
piece. □ 
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5.2 Constrained characteristic function 

As before let C be a row contraction on He and EojiTCe = He © Ha be 
a contractive lifting of C with Bi = P-H^EiP-fi^. 

For a reduced lifting if we define M := Pfc±WPnE ■ He ^ He ® 
r(C'^) (g) Vc then M acts as identity on He and 

M/i := ^ e„ ® -fD^^AA^h for /i G T^a 

a 

where 7 : P^^a T^c is a contraction as defined before. The characteristic 
function for this reduced lifting is defined as 

Mc,E '■= -Pr(c<*)(g)©c^lr(c<*)®i'B- 

In order to have a similar invariant for J-constrained row contractions, 
say T on H, we consider a dilation of T obtained by a compression 
of Popescu's realization of mid to 7i © (rj(C'^) © I^t)- Explicitly for i = 
l,...,d 

Sf{h®d) = T,h®[eo^{DT)^h+{Lfm){d)] for heH,de rj{C'^)®VT. 

That is a dilation is immediate and we call it pseudo J-constrained 
dilation of T. Note that does not satisfy constrained relations. In case 
of J' this dilation contains the minimal constrained dilation as a corner 
(w.r.t. a coinvariant subspace). Indeed Theorem 5.1.1 tells us that the 
maximal J'-constrained pieces of mids are minimal constrained dilations. 
The constrained pieces are clearly on spaces H © Afj where A/j are some 
proper coinvariant subspaces of (Tj^C^) ©"D^) with respect to the L"^© 1. 

A constrained lifting of a row contraction is a lifting which as a tuple 
of operators is J-constrained. For a constrained lifting E_ of C_, the tuple 
A is also J-constrained and therefore by |Po05j MHa is contained in 
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TjiC) ® Vc. We set Mq := M\n^ and := Pr,,{c<')®©c^o- Let us 
denote the restriction of W to He ® (rj(C'^) ® Ve) by W. Because Mc,e 
is multianalytic and 

rj(C'^) = span{L:(L,L, - 1,1,)* L}f = : / G T{£%a,(3CL A} 

(cf. |BDZ06j ). we get for k E rj(C^) ® I^g 

[(L:(L,L, - L,-L,)*L;) ® l]Mc,i,fc = Mc,ij[(L;(L,L,-L,L,)*L;)®l]fc 

= fora,/3GA. 

Thus the range of -Pr(C'*)(gii'c^lr7(C'*)®i'B rj(C'^) eg) P^. We define the 
constrained characteristic function as Mj^c,e '■= -Prj(C'')(giX'c^lrj(c<*)(giD£; 
which is the same as Mc,e\t j{c^)(g)VE- Let := DE^Ci ® /i) for h G Ti^;. 
From equations (4.49) and (4.50) it is clear that the symbol Oj^c,e of 
Mj^CE for h G He will be given by 

Oj,c,Edi := eo ® [I^c(ei ^ h) - -fD.^AB^h] - ^a^o ® -fD.^AAlBih 

\a\>l 

and for G Ti^ by 

a 

+ 5Z ^/^"^o ® 7^*,aA:(-A*A,)/i. 

It is evident that is unitarily equivalent to S_'" © Z where Z_ is defined 
on some Hilbert space /Ci and 

W^f = {Sf © Z,)W. 

Let H\ be 

:= {/i G : J] WKhf = \\hf for all n G N} 

|«|=n 
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as in the last chapter. The equation (4.36) gives us 

wn\ ± 7ice(r(c'^)®Pc)- 

Therefore 

wn\ ± Hce(rj(C'^)0Pc) 

and hence WH\ C JCi. We denote the space on which Sfs are defined by 
Kj. Assuming 7 to be resolving and repeating the arguments from the 
last chapter in this setting, we have 

WKj e (He e n\) = (rj(C'^) ® Vc)\/w{rj{c'') Ve). 

In case of reduced constrained liftings, 1-L\ is trivial and taking Aj^c,e '■ = 
(1 — Mj ^Mj^c,e)K we can realise Z_ on Aj^c,e{^j{C'^) ®T)e). Hence for 
such liftings © Z is a row contraction on 

WKj := He © {TjiC") ® Vc) © Aj,c,E(rj(C^) ® ^^e) 

and 

WHe WKj © {Mj^cE e Aj,c,i?)(rj(C'^) (8) Ve). 
is coinvariant for 5*" © Z and their restriction to WHe gives a copy of E_. 

Theorem 5.2.1. For a constrained row contraction, two constrained re- 
duced liftings are unitarily equivalent if and only if its constrained char- 
acteristic functions coincide. 

The proof follows from Theorem 4.3.7 after noting that unitary equiv- 
alence of two liftings say and E^ of given row contraction C_ will also 
mean unitary equivalence of L (g) \-Ue ^^id L ® Ij)^ . This implies unitary 
equivalence of the pseudo constrained dilations. 
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Suppose on He — H-c ® Ha be such a J-constrained lifting of C_ by 
a c.n.c. row contraction A. We follow the notations of the last Section. It 
is immediate that 

W(Mo^)*^; = PwWs(^^eO), for ver{C'^)^Vc. 

Consequently 

||(Mo^)*^;i| = ||PwH^(^;®0)||, for ver{C'')®Vc. (5.3) 
The map (p : TjiC^) ®Ve^ WKj (in fact WKj e He) defined by 

is an isometry and 

for V G Tj^C^) ^Vc- Suppose Pwhe ^ -^(Kj) is the orthogonal projection 
onto WHe- Then for v e TjiC^) ® Vc 

= WP^hA'" © 0)||2 + Uct>*{v © 0)11=^ = ||PwH^(^^ © 0)||2 + WlcEvf- 

(5.4) 

Comparing equations (5.3) and (5.4) we get 

M^{M^r + Mj,c,eMIc,e = ^Tjic^)^vc- (5.5) 
When J = {0} we obtain 

MoiMo)* + Mc,eM*c^e = Mcd)®vc- (5-6) 

Remark 5.2.2. The above results clearly holds for any contractive liftings 
which are resolving, i.e., the liftings need not necessarily he reduced. 
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5.3 Appendix 

In Lemma 5.1.1 we refer to a result from |BBD04j . |De07aj and [BDZOGj . 
We illustrate how one can prove it in a special case in this Appendix. 

Theorem 5.3.1. Let T = (Ti, . . . ,Ta) be a row contraction on a Hilbert 
space Ti where Ti 's are mutually commuting. Then the maximal com- 
muting piece of the mid of T_ is a realization of the standard commuting 
dilation of T. 

It is known that the maximal J*-constrained subspace (defined in Sec- 
tion 5.1) of r(C'^) w.r.t. the standard tuple L of creation operators is the 
symmetric Fock space rs(C'^). Let us denote by S_ the constrained piece 
l/ . To prove the above theorem we consider the map : C{S_) B(7i) 
from the Equation (5.2) associated with the standard commuting dilation 
of T and the dilation tti of on a Hilbert space Tii. As S_ is also a row 
contraction, out of the discussion at the beginning of Section 5.1 it follows 
that there is a unique unital completely positive map rj : C*{L) — > C*{S_), 
satisfying 

7]{L^{Lf,y) = Sa{Sfsr, a,/3eA. 

Consider the minimal Stinespring dilation of the composed map tti o rj : 
C*{L) B(TCi). We obtain a Hilbert space H2 containing Hi and a 
unital *-homomorphism tt2 '■ C*{L) — > i3(7i2), such that 

TTi or7(X) = PnMX)\n„ X e C*{L), 

and span {TT2{X)h : X G C*{L), h G Tii} = 7^2- In the following commut- 
ing diagram 
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y i 

'X ^(^i) 

c\V) — > c*\S) — > B{n) 

horizontal arrows are unital completely positive maps, down arrows are 
compressions and diagonal arrows are minimal Stinespring dilations. 

Taking V_ = (Vi, . . . ,Vd) = {t^2{Li), . ■ ■ ■,ii2{Ld))-, we first show that 
S_ = (7ri(S'i), . . . , 7ri{Sd)) is the maximal commuting piece of V_. Then we 
prove that V_ is the mid of T. The last statement follows if we can show 
that 712 is a minimal dilation of o because the minimal Stinespring 
dilation is unique up to unitary equivalence. For this we would need the 
a lemma (cf. Theorem 15 in |BBD04] ). 

Definition 5.3.2. A d-tuple T = (Ti, . . . ,Td) of operators on a Hilbert 
space Ti is called a spherical unitary if it is commuting, each Ti is normal, 
and TiT* + . . . + T^TJ = 1. 

Lemma 5.3.3. Let T_he a spherical unitary on a Hilbert space Ti. Then 
the maximal commuting piece of the mid of T_ is T. 

Proof of Theorem 5.3.1: As C*{S) contains the ideal of all compact oper- 
ators by standard C*-algebra theory we have a direct sum decomposition 
of Til as follows. Take Tii = Hic © Ti-iN 

where TCic = span{7ri(X)/i : h E H, X E C*{S_) and X is compact} and 
HiN = HiQ Ti.ic, Clearly Hic is a reducing subspace for vri. Therefore 

MX) ^ H""^ ] 
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that is, TTi = TTic © TTijv where ttic{X) = Pu^^-Ki{X)Pn^^, -niN^X) = 
Phin'^i{-X)P'Hin- T^ic^X) is just the identity representation with some 
multiphcity as remarked in |Ar98] . In other words Tiic can be factored 
as rCic = r,(C^) (g) P*,T, such that 7ric(X) = X O 1. Also TrmiX) = 
for compact X. Therefore, taking Zi = TCij^^Si), Z_ = {Zi,...,Zd) is a 
spherical unitary. 

Now -KiOT] = (ttic or])© (ttitv o rj) and the minimal Stinespring dilation 
of a direct sum of two completely positive maps is the direct sum of 
minimal Stinespring dilations. So I-L2 decomposes as I-L2 = ^^20 © '^2Ni 
where 'H2c,T^2N are orthogonal reducing subspaces of 712, such that 112 
also decomposes, say 112 = 1120 © t^2N-, with 

7rico?7(X) = P7^^^7r2c(X)|>i^^, ■Ki^or]{X) = Pn^^'n2N{y^)\nrj,. 

for X e with 7^2C = span {7r2C7(X)/i : X e /i G and 

'H2N = span {7r2Ar(X)/i : X G C*{L),h G T^iat}. It is also not difficult 
to see that H2C = span {7r2c(X)/i : X G C*(L),X compact, /i G Hic} 
and hence 7^20 factors as H2C = r(C'^) ^V^^t with vr2c(Vi) = © 1. Also 
(7r2Ar(Li), . . . , 7!'2N{Ld)) is a mid of spherical unitary {Zi, . . . , Zd). Hence 
by Lemma 5.3.3 and some easy observations we get that (7ri(S'i), . . . , TTi{Sd)) 
acting on Hi is the maximal commuting piece of (7r2(Li), . . . , 7r2(Lrf)). 

Next we show that 7T2 is the minimal Stinespring dilation of o r/. 
Assume that this is not true. Then we get a reducing subspace 7-^20 for 
712 by taking 7-^20 = span {n2{X)h : X G C*{L),h G H}. Take ?-^2i = 
H2 © 7^20 and correspondingly decompose 112 as 112 = n2o © 7121, 



Note that we already have H C 7i2o- We claim that 7-^2 ^ 7-^20 • Firstly, 
as Til is the space where the maximal commuting piece of (712 (Li), . . . , 
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7r2(Ld)) = (7r2o(-^i) ® 7r2i(Li), . . . , 7r2o(-^d) ® 7r2i(Lrf)) acts, Hi decomposes 
as Hi — Hio ® Ti-n for some subspaces Hio Q ^20, and Hn Q "^21- So 
for X e C*{L), P'}i^T^2{X)Pui, has the form (see the diagram) 



PnMX)Pn, 



( TTio O ?7(X) 



V 








7rii0 77(X) 

oy 



where ttio, tth are compressions of tti to TYio, "^ii respectively. As the map- 
ping 7] from C*{L) to C*(iS) is clearly surjective, it follows that HiotHu 
are reducing subspaces for tti. Now as H is contained in 7^20, in view 
of minimality of tti as a Stinespring dilation, Hi C H2o- But then the 
minimality of 112 shows that H2 Q H2o- So finally we get H2 = H2o- n 



Chapter 6 
Modules 



In this chapter we focus on two module structures arising in operator 
algebras. By continuing the analysis from the previous chapters we derive 
some interesting results for modules of both types. 

For commuting row contractions Arveson introduced the concept of 
Hilbert module in |Ar03 j where he also gave some geometric invariants 
for these modules. These notions where extended to the noncommutative 
case by Kribs ( |Kr01] ) and Popescu ( |Po02] ) independently. We obtain 
how these invariants of Hilbert modules can be expressed in terms of 
our characteristic functions in Section 6.1 (cf. |Po05j ) . The subsequent 
section is devoted to computing some examples. In the final section we 
are concerned with the second module structure called Hilbert C*-module. 
We generalize part of our theory developed in chapter 4 for liftings of 
covariant representations of such modules. 

6.1 Invariants of Hilbert modules 

Let T = (Ti, . . . ,Td) be a mutually commuting (i-tuple of operators on 
Ti. A Hilbert module structure on 7i over the algebra of polynomials in 
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(i- variables V = C[zi, . . . , z^] is obtained by setting 

g.h := g(Ti, . . . ,Td)h, for geV,heHE- 

This Hilbert module is contractive in the sense that: 

\\zi.hi + . . . + Zd-hdW^ < \\hi\\^ + . . . + ll/inT, hi, . . . ,hd eH. 

We caution the reader that this notion of Hilbert module is different from 
the ones discussed in Sections 2.4 and 6.3. 

We will further assume that D^,^t has finite rank. Consider the function 
T -.C^ ^ B{l-L) given by 

T{z) = ziTd + . . . + ZdTd. 

If z belongs to the open unit ball Bd of C"', then it follows immediately 
that ||T|| < 1 and 1 — T{z) is invertible. For every z & Bd let us form an 
operator F{z) G B{D^:^t{'H)) by putting 

F{z)h = /^*,t((1 - T{z)y)'\l - T{z))-'D,^Th, h e V,^t- 

Arveson in [Ar03j shows that with respect to the natural rotation-invariant 
probability measure a on dBd, the limit 

Kq(z) = lim(l — r^) trace F(rz) = 2. lim trace F(rz) 

rll rtl 

exists for cr-almost every z G dBd and he defined the curvature invariant 
of the Hilbert module as the scalar 

curVs{T) := / Ko{z)da{z). 

JdBa 

Another invariant for Hilbert modules is the Euler characteristic Xs{T). 
For defining it we need to consider the submodule of H: 

Mt = spanlg.h : g eV,h E I^*,t}- 
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If r = dimD^, T and ki, . . . , kr is a. basis for T>^: T, then 

MT = {flA + ... + fr.kr■.f^eV}. 

Thus is finitely generated. It follows from Hilbert's syzygy theorem 
(cf. Theorem 182 of |Ka70j ) that A^t has finite free resolution, i.e., there 
is an exact sequence of P- modules 

^ Fn ^ . . . F2 ^ Fi ^ Mt 

where Fk is a free module of finite rank (3k. The numbers (3k are called 
Beta numbers. The Euler characteristic is defined as 

n 
k=l 

and is independent of the choice of the finite free resolution. 

In the above quoted article of Arveson it is further shown that: 

trace [ir}.(T)(Q<„ ® 1t,^^^)Kjs{T)] 



curVsT := {d — lim 



Xs{T) ■■= d\ lim 



d"- 

rank[ir}. (T)(Q<„ ® lv,^)Kjs{T)] 



n' 

where Q<n is the orthogonal projection of the symmetric Fock space Ts{C' 
onto Pr4C'^)(C © {CT' © • • • © (C")^") and Kj.{T) := Pr.(c^)®i5,,^(T) 
is obtained by projecting the Poisson kernel K{T) on rs(C'^) ®'D^.^t- (The 
Poisson kernel is denoted by C in Equation (2.6). We are using a different 
notation here for convenience). 



Take to be the free semigroup with d generators /i, . . . , and de- 
note the corresponding complex free semigroup algebra with CF^. In an 
analogous way as above, to any row contraction (not necessarily commut- 
iiig) X. = {Ti, . . . , Trf) on a Hilbert space Ti, a contractive Hilbert module 
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over CF^ (cf. |Po02j ) can be associated through 

g.h:= g{Tu...,Td)h, for geC¥+,hen. 

The contractivity of the module now means 

\\fi.h + ... + fd.hdf <\\hif + ■■■ + \\hdf, for hi,...,hden. 

We recall the definition of the curvature invariant curvT and Euler 
characteristic x{T) of Hilbert modules introduced by Kribs and Popescu 
(cf. jKHTT] . [EQ2]): 

trace[ir-(T)(P<„0l^^,)ir(T)] 
cur VI := hm , 

rank[K*(r)(P<„0lp,,)K(T)] 

where K{T) ( = Mq ) is the Poisson kernel of T as before and P<„ is the 
orthogonal projection of r(C^) onto C © (C^)^^ © ... © (C"')®". 

These invariants are shown in this section to be related to constrained 
reduced liftings when 7 is an isometry. When E_ on He = Ti-c © Ha is 
such a reduced lifting of C_ by A, we can get three Hilbert modules namely 
those associated with C, A and E_. Assume in the sequel that rank Dq is 
finite. 

Theorem 6.1.1. 

trace[Mc,EM*c E{P<n ^ 1)] 
curvA = rankDn — lim 



X{A) = lim 



rank[{l - Mc^eM*c E){P<n ® 1)] 



1 + d + . . . + d''-^ 
Proof. An easy simplification shows that for a lifting E_ 

curvA = lim trace|M„-(Py l.JM.] ^ ^^^^^ 



6. 1 . INVARIANTS OF HUBERT MOD ULES 



121 



X{A) = lim 



n— »oo 



iank[M*{P<n0lvc)Mo] 
l + d + ... + 



(6.2) 



Evidently 

traceMg (P<„ ® l)Mo = traceMoMp (P<„ ® 1). 

Since rank Dc < oo and Mq is injective on the range of Mq(P<„ ® 1) we 
have 

rankMo(P<„ ® l)Mo = rankM*(P<„ ® 1) = rankMoM*(P<„ ® 1). 
Now from equations (5.6), (6.1) and (6.2) the claim follows. □ 

Let us consider the case when E_ is commuting. The symmetric Fock 
space rs(C'^) can be identified with the space H"^, of all analytic functions 
on the open unit ball Bd, the reproducing kernel Hilbert space with the 
kernel Ka : Bd x Bd C defined by 



(see |Ar03j ). In this picture l/ corresponds to the tuple (M^^, . . . , M^^) 
of multiplication operators by the coordinate functions. The constrained 
characteristic function gets identified with a multiplication operator Mjs^q^^ '■ 
(g)VE H"^ (S)Vc with its symbol 9js 

^c,E as a P(X'£;, 1^(7 )- valued 
bounded analytic function on Bd- The curVsA simplifies using similar ar- 
guments as for the proof of Theorem 6.1.1 to 



Kd{z,w) : 



1 



for z,w G Bd 



1 - {z,w)cd 



curVgA = [d — 1)\ lim 



trace[(Mo^^)*(g<„®l^,,,jM5^^] 



n— >oo 



From Theorem A of |Ar03j and equation (5.5) we get 
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and like in Theorem 6.1.1 we also have the final simplifications 



A = rankDc - (d - 1)! l.m f'^^'f ^•.C^g^-Ai^Win » D] _ 

n— >oo q" 

rank[(l - ^J^c,£;^}^c,£;)(<5<n «) 1)] 



X.(A) = d\ lim 



6.2 Examples 

Example 1: 

Here we consider a coisometric hfting for d = 1. Let 



C 
B A 



on He = /^(N) © f{Z), be a lifting of C on He = /^(N). We denote the 
standard basis for /^(N) and /^(Z) by {cj}^-,^ and respectively. 
Denote the shift operator on P(N) by S. Take operator C = S*. Further, 
fix < A < 1 and define B and A as follows: 



B(^aiei) := Vl - a^gi, 

i=l 



oo 



-oo 



where Ci = Aoq and q+i = Oj for i ^ 0. 

It is easy to verify that CC* = 1, SC* = and 



BB* + AA* = 1. 
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This implies that E is coisometric. Here 1 — C*C is a projection onto Cci. 
In this case V^ a — '^91 and Vc — Cci. The isometry 7 : V^ a T^c is 
given by 

7(«i9'i) = 

The characteristic function Mc\e of the hfting in this case maps /^(N)® 
Ve to l^{N)^Vc with symbol 6c',e- Let denote the unit vector (1, 0, 0, . . .) 
of in (g) Dc- Thus for /i = ^.Zi ^i^i ^ Tic = /^(N) 

Oc,Edh = (A^aiei)u;, 

and for h = YZoo (^i9j e = l\n 

OcMh = -(AVI - aoei)a;. 

Note that here Mc,e and Mjs^c,e will be the same. 

We make use of the formula from Theorems C and D of [Ar03] to 
calculate 

, tracefl- A"+iM*)"+M {n + l){l-X^) ^ ,0 
curVgA = lim — = hm -^^ — = 1 - A 

n—*oo n n-+oo n 

, rank(l - , n + 1 
Xs{A) = hm ^ ^ — = hm = 1. 

n— »oo n n—*oo n 

Example 2: 

Assume E^{Ei, E2) on He ^ ^^(N) ® C/ for a unit vector /, given by 



E, 



a 

B, A, 



for i = 1,2. The subspaces He — ^^(N) and Ha — C/ give the decom- 
position oIHe relative to the above block matrix form. Denote the shift 
operator on Z^(N) by S. Take 
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We fix a real number < t < 1 and then take 

1 



Si = i?2 = ^(\/r^,o,o,...), 

Clearly ^ is a coisometric lifting of A. Because A is *-stable, this lifting is 
also subisometric. The defect space T>^^a — C/. The isometry 7 : T>^^a 
T>c turns out to be 

^'*-^'-y2(,(l,0,0....f 

for A; G C. Superscript T denotes transpose. Finally the constrained char- 
acteristic function is given for h = {hi, h2, ■ ■ ■) E He by 



1 _ ^ ^ I ^^2 /""i' 2 ' 2 ' 



Qj'>,C,Edh — Co 



I«I>1 



^ (l-i2)il"l/ii (1,0,0,...) 



T 

(l,0,0,...f 



a j2 _ ^ ( VV 2 2 ' 2 ' 



((£±i)fti,-^f,-ii, 



|a|>l 

and for A; e i = 1, 2 by 



(l-t2)tH/,, f (l,0,0,...f 
(l,0,0,...f 



tH(^/r3t2)(i_ ^ (1,0,0,...) 

(1,0,0,...) 



T 



ii"i+2(^r^)fc / (1,0,0, 



' "^'^ 2V2 V (1,0,0,...)^ 
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We calculate the invariants of the corresponding Hilbert module like 
in the previous example and as expected they are zero. 

, trace(l-E|.|=.+i^.^:) 1 - ^ 
curVgA = 21 lim = 21 lim = 

n-^oo n n— >oo Tl 

rankfl - V, , A^A*,) i 
Xs{A) = 2! lim ^ ^M=n+i ^ 2! lim i- = 0. 

n— >oo 77,^ n^oo fl^ 

Example 3: 

The following example is for the noncommutative case. Let E_ on T-Ce = 
C © r(C2) be a coisometric lifting of C = (1,0) on He = C. We take 
Bi = and i?2(^) = ^Cq, and A = (Li,L2), i.e., the tuple of creation 
operators. Thus D*,^ is the projection onto the vacuum Ccq. Clearly for 
hi, h2 G He we have Dc{hi, /12) = /?-2- It follows that 7 : r(C^) C takes 
Co to 1 and maps r(C^) Ccq to 0. The characteristic function is zero. 
Finally using Equations (2.16) and (4.1) of |Po02j we get 



trace(l-^I^I^^L<,L;) 1 + 2 + 2^ + ... + 2"^-! ^ 
curvA = hm — = hm = 1 

m— >oo 2"^ m— »oo 2™" 

rank(l L,L;) i + 2 + 2^ + ... + 2—1 ^ 
X[Aj = lim ' = lim = 1. 

m— >oo 2'"' m— »oo 2™ 

Instead if one chooses A to be S± constructed in Theorem 3.5, 3.8 and 
4.9 of |Po02j ■ then one can realise any t in [0, 1] as curvature invariant and 
Euler characteristic. 



6.3 Liftings of covariant representations of 
VI^*-correspondences and Hardy algebras 

First we prefer to remark that any row contraction T = (Ti, . . . , T^) on a 
Hilbert space Ti. can be encoded as the covariant representation (T, a) of 
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the l^*-correspondence over the von Neumann algebra C on 7i. In this 
picture if {ci, . . . , e^} denote the standard basis of C'', then Tj = T{ei) for 
all i. In the current section we will generalize the theory of chapter 4 for 
covariant representations of l^*-correspondence. The constrained dilation 
theory corresponding to Cuntz-Kreiger constraints of the last chapter fits 
into this scheme but the g-commuting dilation theory does not. The reader 
may need to refer back to some notions defined in Section 2.4. 

Let (C, ac) be a contractive covariant representation of S on He- Then 
a contractive covariant representation {E, cte) of £^ on a Hilbert space 
He ^ Ti-c is called a contractive lifting of (C, ac) if 

(a) T-Lc reduces ge and for all a e 



Set A{() = Pn^^E{()\y^± and o-^(a) := (T£;(a)|^x for all ^ e S,a e M. 
Observe that (A, a a) is also a covariant representation of £. This definition 
of contractive lifting is equivalent to assuming that E is contractive and 
has the form 



are also completely contractive. This follows easily by passing to E and 
using Lemma 2.4.3. 

Definition 6.3.1. Let {T,a) be a completely contractive covariant (c.c.c. 
for short) representation of E on Ti. An isometric dilation {V, tt) of (T, a) 
is an isometric covariant representation of £ on Ti. D Ti. such that (V, tt) 



(b) Hq is invariant w.r.t. E{C,) for all ^ & £. 



(c) PnaE{i)\Hc-C{i)lor^]ii&£. 




Note that if (£", cte) is completely contractive then (C, ctc) and (74,17^) 
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is a lifting of {T,cr). A minimal isometric dilation (mid) of {T,a) is an 
isometric dilation (V, vr) on H for which (as before) 

n = span{V{Ci) . . . V{Cn)h ■.heH^i.E £}. 
Further one defines the full Fock module over as 

where = Ai. We will write for J-'{S) in short. For a. ^ E £ the 
creation operator on J-'{S) is given by L^rj = C,®ri. We have an induced 
homomorphism yj" from Ai to C{S'^") which for each a G is given by 

¥^"(a)(ei ® 6 ® • • • ® Cn) = ® 6 ® • • • ® ^n- 

Take the operator 

(poo{a) = diag{a, Lp{a),Lp'^{a), . . .) 

on J^. 

A mid of a c.c.c. representation always exist and is unique up to 
unitary equivalence (cf. [MS05j ). We give a brief sketch of the proof: 
Given a c.c.c. representation (T, a) of a iy*-correspondence £^ on a Hilbert 
space H, we consider the associated T : £ ® Ti ^ Ti. We set D^ t '■= 
(1 - ff*)^ (in B{n)) and Dt := (1 - T*T)^ (in B{S ®, H)). Let 
V^ T '■= range D^: T and = range Dt- The space of mid {V, vr) is 

Tt; = 7^ © 

where cxi is defined to be the restriction to T>t of ip{.) © 1. Finally a 
representation vr of £^ on ?t! given by 

TT = (T © af O (yJoo 
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with (o-f o ip^){a) 



V5oo(a-) <S> 1t>t for a E Ai, and a linear map V : S 



Bijhi) given in operator matrix form by: 



^(0 












1 
1 



v 



together constitute a mid (V, vr) of (T, a). □ 
Note that V will be the mid of T. Moreover if 



then (T, cr) is said to be coisometric. It is also known that the mid {V, vr) 
is coisometric if and only if (T, a) is coisometric. 

Let us define f " = f (1 ® f for n > 1. We say (T, a) is *-stoWe if 
lim„^ooT"(f")* = in SOT. 

The algebra defined below is intrinsically related to H°° which will 
become apparent when we go through the examples listed after it. Because 
the characteristic functions and Poisson kernel of Sz-Nagy and Foias are 
functions, this new algebra will be crucial for extending our theory 
of chapter 4 for iy*-correspondences. 

Definition 6.3.2. The ultraweakly closed subalgebra of C{J-') generated 
by the 's and (poo{o) 's is called the Hardy algebra of S and is denoted by 
H'^iS). 



From works of Muhly and Solel ( |MS05] ) it is known that there are 
1-1 correspondences: 

(a) between completely contractive covariant representations (T, a) and 
contractive T's. 
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(b) between completely contractive {T, a) and its integrated form cr x T 
//~(£:) ^ B{n), if IITII < 1. Here a xT maps 



Lemma 6.3.3. 

f{ip{a) ®1) = a{a)f for a e M. 

Therefore f*f commutes with {(p{M)^l) andff* commutes with a{M). 

Proof. For ^ (S> h e and a e Al we have 

f ((^(a) ®l){i®h)= f{(p{a)^ (g) h) 
= T{^{a)Oh = a{a)T{Oh 
= (7(a)r(^® /i). 

□ 

We remark that each element ix & 8'^ there is a representation (T, a) 
of £^ such that T = /i*. Using the above bijective relations we define for 
each G G H°°{S) a function G given by 

((7 X r)(G') VAt = r* eD(£:^). 

This G is called the Fourier transform of G. Thus elements of the Hardy 
algebra H°°{£) can be realised as functions on unit ball B){S'^) analogous 
to classical H°° functions. 



Consider the following special case: 

Example 1: When M = £ — C and a is the identity representation 
of on = C, then I]){£'^) is the open unit disc in the complex plane. 
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Any G e H°°{£) is basically an infinite, lower-triangular, Toeplitz matrix 
on 1^{N): 














ai 


ao 










Oi 


ao 







02 







\: ■: -.J 

The Fourier transform G : B{S^)* B{K) is 

oo 

i=0 

with X^^o ^iT^ acting via multiplication on 7i = C. 

Example 2: With the same M. = £ = C as above but H a Hilbert 
space instead, we take in this example the representation cr of C on 7i as 
multiplication, i.e, 

a{c)h — ch, c & C,h & Tt. 

Then = B{l-L) and D(£^'^) is the set of all strict contractions on Ti. 
T-C°°{S) is still the set of all lower-triangular Toeplitz matrices as before. 
If T e D(£'^), then 

oo 

i=0 

Example 3: Next, consider the case when Ai = C,S = C"' and take 
a to be the representation of on 7i same as in Example 2. The 3(8'^) 
is the set of all row contractions T with norm ||TT*|| less than 1. 

We can also define the Poisson kernel in module context. For every 
1^ e 3(8") we set an operator /x^") ■.H^ 8®" ®aH by 

^("■) — (lg®n-l (8) //)(lg^n-2 ® ^) . . .{Is® 
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Now with it we associate the operator called Poisson kernel 
K{^i) := (1^ ® (1 - . . .f. 

which maps Ti to J-' ®„ Ti. 

Characteristic functions of covariant representations of W*- correspon- 
dences have been studied by Muhly and Solel (cf. |MS05] ). Here we are 
interested in the corresponding theory for liftings of covariant representa- 
tions. We consider two special cases of liftings as in the last chapter and 
then investigate the general case. 

Let iy^, He) and {V^', nc) denote the mids of {E, ce) and (C, ac) 
respectively. From the definition of lifting it is immediate that the space 
of the mid V'^ can be embedded as a subspace reducing . 

Definition 6.3.4. A lifting {E, ge) of a completely contractive covariant 
representation (C, ac) on He 3 He is called suhisometric if the corre- 
sponding mids and are unitarily equivalent, i.e., there exists a 
unitary W ■.Ue^'Hc such that W\hc = Mhc^ = V^{i)W for 

all ^ e 8 and WnE^ci) = TTc{a)W for all a G M. 

Remark 6.3.5. Alternatively, a suhisometric lifting means the existence 
of a unitary W (same as above) such that 

Proposition 6.3.6. Let (C, ac) be a completely contractive covariant 
(c.c.c. for short) representation of W* -correspondence £ on Tic- A com- 
pletely contractive lifting {E, ge) on He = He © Ha of (C, crc) with 

\^ BK) A{() )' 

is subisometric if and only if {A, a a) is *-stable and B = a1*Dc with 
an isometry 7 : V^ a T^c- 
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The characteristic function of subisometric lifting as before is defined 

as 

Mc,E W\r^vE- 

Theorem 6.3.7. Let {C,ac) be a c.c.c. representation of S on a, Hilbert 
space Tic- Two subisometric liftings {E.cje) and [E'^ge) of (C,ac) are 
unitarily equivalent if and only if the the corresponding characteristic func- 
tions Mc,E and Mc,e' are unitarily equivalent. 

Proof. For the proof of the necessary part we assume that the hftings 
{E,(7e) and {E',aE') are c.c.c. representations on He and He', and U : 
He ^ He' is a unitary such that U\-}i^ — 1-^^ and 

UE{^) = E'{^)U, UaE{a) = aE'{a)U y^e£,aeM, 

The mids of unitarily equivalent row contractions are unitarily equivalent. 
Hence we extend U canonically to a unitary t) : He ^ He' defined 
between the spaces of mids (V^^tte) and (V^'^tte') with Ulns — and 
we get 

Because {E, ue) and {E\ aE') are subisometric we also have unitaries 
W -.He ^ He and W : He' ^ He respectively with: 

V'^iOW'^W'V'^'iO, W'\na^l\nc 

Let us take 

Uc := W'UW* : He ^ He- 
Chasing a commuting diagram similar to diagram 4.24 and arguing on 
the lines of Theorem 4.1.6 we find that the characteristic functions are 
equivalent. 
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Conversely we show that if © = Q'V with a unitary V : Ve ^ T^e' 
then the two subisometric hftings {E, ue) and (£", ge') are unitarily equiv- 
alent. Let W and W be the corresponding unitaries from the subisometric 
lifting property. Then 

W'He' = Hc^iJ'^Vc) e W'{T®Ve') 
^nc®{J^® T>c) e Mc,E' {T ® We) 
^nc®{J^®'Dc) e Mc,e{^®Ve) = WHe, 

and we can define 

U := {W'yW\n^ : He^He'- 

Because for h G Tic, Wh = h = W'h we have Uh = h. In general for 
h ^He and ^ & S (with pe,Pe' orthogonal projections onto 'He-i'He') 

UE{^) h = {w'ywE{^) h = {wy wpeV^{0 h = pe' {wy wv^io h 
= pe' {wy v^io wh = pE' v^'io {w'ywh = e'{^) uh. 

Identical computation gives 

UaE{a) — aE'{a)U for a e M. 
Hence E^ and E[ are unitarily equivalent. □ 

Consider the coisometric liftings of (C, ac) by *-stable {A, a a)- Then 
the unitary equivalence classes of those which are also subisometric liftings 
of (C, (Tc) are parametrized by isometrics 7 : T>^ a T^c- 

Next we deal with the general case where {E, ue) is a contractive 
lifting of (C, (Jc) ■ Because of the structure of lifting it is immediate that 
the space of mid {V^ , nc) is embedded in {V^, tte)- We introduce a c.c.c. 
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representation (Y, Try) on the orthogonal complement /C of the space of 
mid (F^, TTc) to encode this. Hence we can get a unitary W such that 

vE(^)w = wv''{0, w\na = MHc with v''{0 = v'^'{0®yiO- 

Recall that denote the full Fock module on £. We denote by the same 
W its restriction to the complement of He too, i.e., 

W : Ha® ^Ve) ^ {J^ Vc) ® /C 

With this we get 

BUT ^PHaV''mwH,^mc[V''{ir ®Y{ir]W\n, 

^{Dc{i®.)rpvcW\n.. 

Doing computations on the lines of those appearing in Section 4.3 we 
obtain 

We have shown that if {E, ge) is a c.c.c. hfting of (C, ac) by (^4, a a) as 
above then 

B = D,,Al*Dc. (6.3) 

For the converse we start with two c.c.c. representations (C, ac) and 
{A^ga)- a contraction 7 : V^^a T^c and B as in equation (5.9). Then 
for X e He, y e Ha 

\{x,C B*y)\^ ^\{x,CD*clD,,Ay)? = \{DcC*x,-fD,,Ay)? 
< \\DcC*xf\\^D,,Ayf < {x, (1 - CC*)x) (y, (1 - AA*)y). 
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As in Exercise 3.2 in [Pau03j it follows that 

/ 1-CC* -CB* \ 
< - - . . = 1 - EE*. 

~ \ -BC* 1 - AA* J 

Thus E' is a contraction. We summarize this in the following lemma: 

Lemma 6.3.8. Let {E, cte) be a lifting of {C, cxc) by {A, cr^). Then {E, 
is completely contractive if and only if (C, o"c) and (A, a a) are completely 
contractive and there exists a contraction 7 

B = D,^Al*Dc. 

It turns out that 

® Vc) V W^J^ ® Ve) = (J^ ® Vc) © /C, 

if 

1. 7 is resolving, i.e., for h G TIa 

{-fD,^A{A{OTh = for all ^ e S) ^ 
{D,^A{A{OTh = for all ^eS), and 

2. {A,aA) is c.n.c, i.e., n\ := {h e Ha ■ ||(^")*^ll = ll^ll for all n e 
N} = {0}. 

We call such liftings reduced liftings. 

In this case the characteristic function of lifting is defined as 

It can be shown as in the Chapter 4 that for any completely contractive 
covariant representation (C, o"c), these characteristic functions are com- 
plete invariants for reduced liftings of (C, ac) up to unitary equivalence. 
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We set fi = A* and 4 := (V^^(0 - ^(0)^ = De{^ ^ h) for ^ e S and 
h eHe- The expanded form of the characteristic function is the following: 



Case I: he He- 

oo 

Alternatively 

oo 

Case II: h e Ha- 



0c,e{4) = -iH +Y,iD^,Am^yLiDAdi 

j=0 

Alternatively 

oo 

OcAdi) = -lf^*di + 5^(1 ® 7^*,a)(1 ® f^')DAdi 

j=0 

Let us briefly mention one potential good application of this theory to 
analytic crossed products of the type x Z+ (cf. Section 6 of [ MSOSj ). 
Muhly and Solel showed in this last quoted work that one can associate a 
contraction t to any (cr-weakly continuous) representation of this crossed 
product. When t is c.n.c, its Sz. Nagy- Foias characteristic function is 
unitarily equivalent to the characteristic function of the covariant repre- 
sentation associated to this representation of 7W x Z_|_. This theory needs 
to be explored for liftings of covariant representations. 



6.4. APPENDIX 
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We list some facts about Hilbert C*-modules and some associated impor- 
tant C*-algebras. Given a Hilbert C*-bimodule f on a C*-algebra A with 
the associated left action of A denoted by cp, the Toeplitz C* -algebra T{£) 
of £ is the C*-subalgebra generated by {L^}^^£ and {<Poo{0')}aeA of ^{^)- 

Theorem 6.4.1. (Pimsner) If £ is a Hilbert C* -himodule on A^ then there 
is a bijective map from the set of all isometric covariant representations 
(y, a) from £ on H to the set of all C* -representation from T{£) on 7i, 
determined by 

Li ^ V{C}, ^oo{a) ^ cr(a). 

An ideal X in a C*-algebra C is called essential if there is no nonzero 
ideal of C that has zero intersection with I. For any algebra A there always 
exists a unique (up to isomorphism) maximal C*-algebra that contains A 
as an essential ideal. This maximal ideal is called the multiplier algebra of 
A, denoted by M{A). Set B as the C*-subalgebra of C{!F{£)) generated 
by >C(EjLo «^®") for all N en. 

Definition 6.4.2. A Cuntz-Pimsncr algebra 0{£) is the image ofT{£) 
(under canonical embedding) in M{B)/B. 

The Cuntz-Pimsner algebra generahzes Cuntz-Krieger algebra and cross- 
product of any C*-algebra by Z. The following are some examples of 
Cuntz-Pimsner algebras: 

(a) For ^ = £^ = C we can identify the Fock module T{£) with /^(N). 
Hence T[£) = C*{L) where L is the unilateral shift and 

0{£) ^ C(T) 



where T denotes the unit circle in the complex plane. 
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(b) Now take A to be any unital C*-algebra with an automorphism 
(p. Then A has a Hilbert module structure £ with the left action 
(fi : A^ C{£) is 

a I— > ip{a) 

Here (/9(a)s are reahsed as elements of £■{£) acting as multiplication 
operator. We get 0{E) ^Ax^Z. 

(c) The Cuntz algebra can be realised as 0{£) for ^ = C, £^ = 
and 

ip{k)^^{k.l)^ for keA,Ce£. 

From a separable infinite dimensional Hilbert space Ti and a C*- 
algebra A we can construct an important example of Hilbert module 
Ha ■—'H<S>A where the tensor product is given by 

< hi® ai, /i2 ® 02 >=< hi, /i2 > 0102 for /ii, /i2 G 7i; Oi, 02 G A. 

Bellow some results are quoted which we need for Theorem 2.4.3. They 
show the usefulness of Ha- 

Theorem 6.4.3. (Kasparov's stabilisation theorem) If S is a countably 
generated Hilbert A-module, then £ © T-La — Ti-A- 

CoroUciry 6.4.4. If £ is a countably generated Hilbert A-module, then 
the C*-algebra of compacts K{£) is a-unital, i.e., K{£) has a countable 
approximate unit. 
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